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Abstract 



We consider the general hypermultiplet Low-Energy Effective Action (LEEA) that 
may appear in quantized, four-dimensional, N=2 supersymmetric, gauge theories, e.g. 
I in the Coulomb and Higgs branches. Our main purpose is a description of the exact 

LEEA of n magnetically charged hypermultiplets. The hypermultiplet LEEA is given 
by the N=2 supersymmetric Non-Linear Sigma-Model (NLSM) with a 4n-dimensional 
hyper-Kahler metric, subject to non-anomalous symmetries. Harmonic Superspace 
(HSS) and the NLSM isometrics are very useful to constrain the hyper-Kahler ge- 
ometry of the LEEA. We use N=2 supersymmetric projections of HSS superfields to 
N=2 linear (tensor) 0(2) and 0(4) multiplets in N=2 Projective Superspace (PSS) to 
deduce the explicit form of the LEEA in some particular cases. As the by-product, 
a simple new classification of all multi-monopole moduli space metrics having su{2)fi 
symmetry is proposed in terms of real quartic polynomials of 2n variables, modulo 
Sp{n) transformations. The 4d hypermultiplet LEEA for n = 2 can be encoded in 
terms of an elliptic curve. 



^ Also at High Current Electronics Institute of the Russian Academy of Sciences, Siberian Branch, 
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1 Introduction 



The seminal work of Seiberg and Witten gave many important insights into the 
non-perturbative dynamics of the four- dimensional N=2 supersymmetric SU{2) Yang- 
Mills theory whose gauge symmetry is spontaneously broken to its abelian subgroup 
(in the so-called Coulomb branch). It was subsequently generalized to other simply- 
laced gauge groups and N=2 super-QCD as well [H (see also ref. for a review 
or an introduction). Seiberg- Witten theory deals with the exact Low-Energy Effec- 
tive Action (LEEA) in terms of abelian N=2 vector multiplets, which includes both 
perturbative (one-loop) and non-perturbative (instanton) corrections. To fix those 
corrections, N=2 extended supersymmetry plays the important role that amounts 
to restricting the N=2 vector gauge LEEA to the general 'Ansatz' governed by a 
single holomorphic function J-'iW^) of the N=2 abelian vector superfield strengths 
W^, where A = 1,2, Nc — I @, 0- This Ansatz is manifestly N=2 supersym- 
metric, gauge-invariant and model-independent due to the off-shell nature of the 
N=2 restricted chiral superfields W^. According to the Riemann-Hilbert theorem, 
a (milti- valued) holomorphic function is fully determined by its singularity structure 
and monodromy (or asymptotics) . The number of singularities is dictated by Witten 
index ^ . However, a calculation of the Witten index in massless gauge field theories 
is plagued with ambiguities, so that its value is usually postulated from physical con- 
siderations and consistency. This is closely related to the existence of BPS monopoles 
representing the non-perturbative degrees of freedom in the non-abelian N=2 gauge 
theory under consideration ||^. Indeed, any non-abelian N=2 supersymmetric gauge 
field theory can be considered as a particular Yang-Mills-Higgs system (with adjoint 
fermions) whose field equations admit the solitonic solutions labelled by magnetic 
charge, and whose scalar potential is fixed by N=2 supersymmetry. The monodromy 
behaviour is obtained from perturbative calculations and electric-magnetic (S) duality. 
For example, the chiral anomaly of the underlying N=2 gauge theory fully determines 
the perturbative (logarithmic) contribution to the second derivative of J-'{W), which 
is equivalent to knowing the monodromy around the infinity in the quantum moduli 
space parametrized by vacuum expectation values of the Higgs fields. The S dual- 
ity and global consistency conditions fix the remaining monodromies and, hence, the 
whole function J-'{W). 

Due to the holomorphicity of the Seiberg- Witten LEEA, the non-perturbative 
contributions to jF(iy) take the form of an infinite sum over all instanton numbers. 
In particular, no instanton/anti-instanton (i.e. non-holomorphic) contributions can 
appear in the Seiberg- Witten LEEA, in contrast to the standard (N=0) QCD. Yet 
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another special and very remarkable feature of the Seiberg-Witten-type solutions is 
the fact that any of them (e.g., in the S'?7(A'"c)-based theory) can be nicely encoded 
in terms of the auxiliary (hyperelliptic) curve (or Riemann surface) Ssw of genus 
{Nc — 1) fl], 0]- The function jF(iy) is most naturally represented in the parametric 
form, in terms of certain abelian differential Asw (of the 3rd kind) integrated over the 
periods of Ssw • 

N=2 supersymmetric gauge field theories can have only two types of rigid N=2 
supermultiplets, an N=2 vector multiplet comprising the helicities (±1,±|,0), and 
a hypermultiplet comprising the helicities (±|,±0). The two types of N=2 multi- 
plets are truly different in four spacetime dimensions (4d), but they become dual to 
each other in three dimensions (3d). The latter observation can be elevated to the 
co-called 'c-map' relating the special Kahler geometry of the vector multiplet mod- 
uli space to the hyper-Kahler geometry of the hypermultiplet moduli space or, 
even further, to the mirror symmetry between certain type-II superstring compact- 
ifications on Calabi-Yau manifolds The LEEA of the 3d, N=4 supersymmetric 
non-abelian gauge field theories can, therefore, be deduced along the lines of the 4d 
Seiberg-Witten theory 0. One of the most remarkable developments in the 3d, N=4 
Seiberg-Witten theory was the proposed equivalence between the quantum moduli 
space of the 3d, N=4 supersymmetric pure SU{n) gauge theory (in the Coulomb 
branch) and the classical moduli space of n BPS monopoles in the 4d, S'f/(2)-based 
Yang-Mills-Higgs system |]T0|, llTI . In particular, as was argued by Hanany and Witten 



11], this equivalence between the moduli spaces of different field theories in different 



dimensions, for all n, can be understood as a consequence of S-duality applied to 
certain configurations of intersecting (Dirichlet) 3-branes and 5-branes in type-IIB 
superstring theory. Though the brane technology is very efficient in explaining the 
equivalence between the apparently different moduli spaces, it is not powerful enough 
in deriving explicit metrics on them. In this paper we consider those metrics possess- 
ing an su{2)Fi isometry. Another class of the so(2)-invariant hyper-Kahler metrics 
arises in the quantum moduli spaces of the 3d, N=4 supersymmetric SU{2) gauge 
theories with k fundamental matter hypermultiplets in the Coulomb branch. The lat- 
ter can be identified with Dk gravitational instantons in four Euclidean dimensions. 



The Dk metrics in (almost) explicit form were recently calculated in ref. 0] from the 
standard Nahm construction |T^, see also refs. p^ , for the related work. In the 
purely gauge 3d, N=4 theory with = 2 the quantum moduli space metric is known 
to be given by the su{2)fi invariant Atiyah-Hitchin metric |l^. The asymptotical 
metrics in the classical multi-monopole moduli spaces for well-separated monopoles 



in 4d are available in their explicit form |17, 18], whereas the exact metrics are only 
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known up to certain algebraic (Ercolani-Sinha) constraints [19, 20 



A derivation of the exact hypermultiplet LEEA in four spacetime dimensions (4d) 
requires the techniques that are very different from the ones used in the Seiberg- 
Witten theory. The main reason is the different status of an N=2 scalar multiplet 
(called a hypermultiplet) versus an N=2 vector multiplet. To appreciate this fact, 
it is worth mentioning the well-known fact that there exist no off-shell, manifestly 
N=2 supersymmetric (i.e. model-independent) formulation of the most fundamen- 
tal Fayet-Sohnius (FS) hypermultiplet in the conventional N=2 extended superspace 
(see, e.g., ref. for a review of N=2 superfields, and the references therein). Some 
restricted (non-universal) off-shell versions of a hypermutiplet, nevertheless, exist in 
N=2 Projective Superspace (PSS) invented by Karlhede, Lindstrom and Rocek p2| , 
where they are known as projective ^ or (generalised) tensor N=2 mutliplets 



[Q. The PSS construction gives up the manifest su{2)fi internal symmetry rotating 
N=2 supersymmetry charges, while it also implies vector fields amongst the N=2 pro- 
jective superfield components. The most symmetric approach to N=2 supersymmetry 
is provided by Harmonic Superspace (HSS) invented by Galperin, Ivanov, Kalitzin, 
Ogievetsky and Sokatchev , by using the infinite number of auxiliary fields. Unlike 
the PSS approach, both N=2 vector multiplets anc? hypermultiplets can be introduced 
in HSS on equal footing. Moreover, HSS allows one to keep both N=2 supersymmetry 
and its su{2)r automorphisms manifest. In the PSS approach, one adds a holomor- 
phic (projective) coordinate to the conventional N=2 superspace, and then one uses 
hidden holomorphicity of the N=2 superspace constraints defining the N=2 projective 
multiplets. In the HSS description, one adds group-valued twistors and uses hidden 
Grassmann analyticity of the off-shell HSS constraints defining N=2 vector multiplets 
and hypermultiplets. In our view, as far as N=2 supersymmetry in 4d is concerned, 
the Grassmann analyticity is more fundamental than holomorphicity. The PSS and 
HSS descriptions of the hypermultiplet LEEA are closely related, most notably, by 
the N=2 supersymmetric projections of HSS superfields onto the PSS superfields. 

The group of analyticity-preserving field reparametrizations (in HSS) is much 
larger than the group of holomorphicity-preserving reparametrizations (in PSS). Ac- 
cordingly, a derivation of the exact hypermultiplet LEEA is more complicated or, 
at least, different, from solving a Seiberg-Witten (or Riemann-Hilbert) problem, just 
because more data is needed to fix a (Grassmann) analytic function versus a holomor- 
phic one. A formal solution to the Riemann-Hilbert problem is given by the linear 
system of Picard-Fuchs differential equations ||26|. As is demonstrated in this paper, 
a formal solution to the hypermultiplet LEEA can be given in HSS, in the form of 
an analytic hyper-Kahler potential of the metric. A derivation of the metric from 
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the hyper-Kahler potential requires an elimination of all the auxiliary fields hidden 
in analytic hypermultiplet superfields, which amounts to solving the (infinite) linear 
system of differential equations on a two-sphere. 

From the physical point of view, it is important to understand the origin of a non- 
trivial hypermultiplet self-interaction in the LEEA. For example, as was argued by 
Seiberg and Witten the exact effective NLSM metric for 'fundamental' hypermul- 
tiplets with vanishing magnetic charges in the Higgs branch of a 4d, N=2 gauge field 
theory is flat, i.e. there is no self-interaction at all. However, magnetically charged 
(massive) hypermultiplets can have a non-trivial self- interaction p7|, EB[ . This obser- 



vation is consistent with the brane technology |29|. The corresponding LEEA just 
describes the low-energy dynamics of the BPS monopoles representing nonperturba- 
tive degrees of freedom, in the Lorentz- invariant way (c/. ref. [^). For instance, 
the non-trivial NLSM corrections to the perturbative hypermultilet LEEA found in 
refs. [^, (see sect. 3 too) are all proportional to the squared absolute value of 
a central charge in N=2 supersymmetry algebra. The central charge itself is given 
by a linear combination of abelian charges of the underlying (spontaneously broken) 
non-abelian N=2 gauge theory. The non-vanishing central charge is also responsible 
for a dynamical generation of the non-trivial scalar potential associated with the hy- 
permultiplet LEEA [28, 3l]|. Those important features were not fully appreciated in 
the earlier investigations of quantized 4d, N=2 supersymmetric field theories, which 
were either limited to renormalizable N=2 field theories or didn't include N=2 central 
charges into the propagators (see, however, ref. where the scalar potentials based 
on 'active' central charges were investigated in 2d, N=4 NLSM). 

The paper is organized as follows. In sect. 2 we review a superspace derivation of 
the known relation between N=2 supersymmetry and hyper-Kahler geometry in 4d 
NLSM, which plays the important role in our investigation. We remind the reader 
about the formulation of N=2 NLSM in N=l superspace and then motivate the use 
of PSS and HSS for a resolution of the hyper-Kahler constraints and isometries. In 
sect. 3 we discuss in detail the most general 4d LEEA of a single hypermultiplet, and 
demonstrate that it is given by the N=2 NLSM with the Taub-NUT or Atiyah-Hitchin 
metric. Sect. 4 is devoted to a discussion of the LEEA for many hypermultiplets and 
related multi-monopole moduli space metrics. Sect. 5 comprises our conclusion. Our 
presentation is self-contained. Basic facts about hyper-Kahler geometry are collected 
in Appendix A. Projective superspace (PSS) is introduced in Appendix B. Harmonic 
superspace (HSS) is defined in Appendix C. The classical moduli spaces of solitonic 
solutions in the 4d, SU{2)-hased Yang-Mills-Higgs system are briefiy reviewed in 
Appendix D. 
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2 Super symmetry and hyper-Kahler geometry 



The most natural description of 4d supersymmetry is provided by superspace. The 



natural framework for N=l supersymmetry is given by N=l superspace N=2 
extended supersymmetry can be manifestly realized in N=2 superspace that has 
three different versions (standard, projective and harmonic). As regards general N=2 
NLSM, in subsects. 2.1 and 2.2 we first recall their description in N=l superspace |33 



and then in N=2 HSS in order to remind the reader about the equivalence 

between rigid N=2 supersymmetry and hyper-Kahler geometry. Isometrics in general 
N=2 NLSM are discussed in subsect. 2.3. The whole section establishes our setup 
and provides a technical introduction to the rest of the paper. 

2.1 N=2 NLSM in N=l superspace 

N=l scalar (chiral) multiplets are described by the N=l complex chiral superfields 
and their conjugates $i, i = 1,2, . . . , k, satisfying the off-shell constraints 

^.$' = 0, /^> = 0, (2.1) 

where we have introduced the covariant spinor derivatives D and D» in flat N=l 

_ • 

superspace Z = {x'^, 9°", 6°'). They obey the basic anticommutation relations of N=l 
supersymmetry, 

{D,D.} = zd., {D ,DA = {D.,D.} = . (2.2) 

We use the two-component spinor notation that is standard in 4d supersymmetry 
. The field components of the chiral superfield are 

A'=¥\, V'^ = D„$^| , F^ = iD"D^$^|, (2.3) 

where | means taking the first (leading, or 6'-independent) component of a superfield 
or an operator. The scalars A and the spinors ip are the propagating fields, whereas 
the scalars F are the auxiliary fields. 

The general 4d NLSM is described by an action 

5nlsm[A] = a / d''xg,,{A)d^AWA^ . (2.4) 

It has an N=l supersymmetric extension if and only if the NLSM metric gij{A) is 
Kdhler ^6\. Indeed, the most general N=l supersymmetric action, in terms of N=l 



6 



chiral superfields and of the second order in spacetime derivatives of the physical 
scalars, reads 

S = J (fxd^eK{^\ ^j) = -\ j d^x Ki^\d''"A'd^^Aj + ... , (2.5) 
where we have exphcitly written down the leading bosonic NLSM term. We use the 



notation 33 



d d d - 

Jl Jm 

and similarly for The right-hand-side of eq. (2.5) has the standard NLSM 

form (2.4) with the restricted (=Kahler) metric 

ds'^ = Ki\A, A)dA'dAj . (2.7) 

A complex manifold whose metric can be written down in the form (2.7) with a locally 
defined potential K is called the Kdhler manifold . The form of the superfield 
NLSM action (2.5) is preserved under arbitrary reparametrizations of and $j. 
The line element (2.7) is only preserved under holomorphic reparametrizations of A^ 
and Aj, A^ —>■ f"^{A^), while this can be extended to holomorphic transformations of 
the chiral superfields, /*($■'). The Ricci tensor of a Kahler metric reads 

R,^ = {\ndet{Kn}/' ■ (2-8) 

Having constructed the most general N=l supersymmetric NLSM action (2.5) 
in terms of a Kahler potential i^"($,$), one can further impose extra non-manifest 
(non-linear) supersymmetry on the action (2.5), in order to get N=2 NLSM. In the 
absence of N=2 auxiliary fields, the extended N=2 supersymmetry algebra can be 
closed only on-shell, i.e. on the equations of motion for the NLSM fields. 

The most general 'Ansatz' for the transformation law of extra supersymmetry is 
given by 

= D\en') , = D\eni) , (2.9) 

where £ is a constant chiral superfield parameter, Dm^e = D^e = d^e = 0, and Q is 
a function of $ and $ (modulo an additive chiral term). The on-shell closure of the 
supersymmetry transformations (2.9) implies the relations 



Q^j\m\^i,\k]. = , (2.10) 
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and their complex conjugates. The N=l NLSM action (2.5) is invariant under the 



transformations (2.9) provided that |33 



Cj^"' = Kim''"" = - u"^^ , 

J^jQi,mk ^ J^.mk^i,j = , (2.11) 

K^m^'^k + K.k'n'^"' = . 

This is to be compared to the field equations following from the action (2.5), 

D^Ki = Ki^D^^j + ^Ki^'^D.^jD^^k = . (2.12) 

The first two lines of eq. (2.11) imply that the third line of eq. (2.10) is equivalent 
to the equation of motion (2.12), which confirms the on-shell closure of the N=2 
supersymmetry algebra p3| . 

It is now straightforward to check that eqs. (2.10) and (2.11) together amount to 
hyper-Kahler geometry (Appendix A). In particular, the quaternionic structure (A. 12) 
comprises the canonical complex structure J^^^ of eq. (A. 6) and two non-canonical 
complex structures, 

Jl'"=( ) and Jf'=f i, 'y I , (2.13) 




-in^'' 

with mixed (one covariant and one contravariant) indices — see the first line of 
eq. (2.10). Both J(i) and J^^) are integrable due to the second line of eq. (2.10), while 
they are covariantly constant due to the second and third lines of eq. (2.11). Finally, 
the NLSM metric is hermitian with respect to all three complex structures due to 
the first line of eq. (2.11). According to Appendix A, this precisely amounts to the 
hyper-Kahler structure. 

The canonical complex structure, J^^\ is obviously related to the given Kahler 
structure of the N=l NLSM that we started with. The coordinate system, where the 
metric takes the Kahler form with respect to a non-canonical complex structure, is, 
therefore, related to the preferred one by a nonholomorphic coordinate transforma- 
tion. 

Eq. (2.13) gives the complex structures in terms of the derivatives of the non- 
holomorphic functions Qi and fi* introduced in eq. (2.9). These functions can be 
reconstructed from a given Kahler potential and one of the noncanonical complex 
structures J |^. Since J anticommutes with the canonical complex structure, the 



former can be written down in the form 

n 



J^' =1 1 (2.14) 



with some matrix Q and its complex conjugate Q. It imphes that J*-^ is block-diagonal, 

= I ° I , where = {K-^Cl''^ . (2.15) 



The covariant constancy of J yields that 7-''^ is holomorphic whereas 7jfc is antiholo- 
morphic, d^j^^ = di'-fjk = 0. Similarly one finds that u!"^^ , introduced in the first line 
of eq. (2.11), is antiholomorphic, whereas Uij = Ki^Qkj is holomorphic. 

It is straightforward to verify that the functions 



= f^Kj (2.16) 

obey the desired relation 

Q''^ = Q'^ , (2.17) 

while they satisfy all eqs. (2.10) valid for any hyper-Kahler manifold. Eqs. (2.15) and 
(2.16) further imply that 

KiQ' = and V^fi^ = . (2.18) 

One concludes that the hyper-Kahler structure plays the most fundamental role in 
the hyper-Kahler geometry, since all other geometrical quantities can be constructed 
in terms of it. 

The N=l superspace approach remains the most popular method in 4d supersym- 
metry, mainly because it has a very simple and clear connection to the component ap- 
proach. However, N=l superspace is clearly inadequate for N=2 supersymmetry since 
only one of the supersymmetries can be manifestly realized there, whereas another 
supersymmetry is necessarily hidden, being non-linearly realized. The differential 
constraints implied by the second supersymmetry (see, e.g., eq. (A. 13) in Appendix 
A) are to be solved, since their presence does not allow one to formulate the most 
general 'Ansatz' for the N=2 hypermultiplet LEEA or, equivalently, the most general 
hyper-Kahler NLSM. Perhaps, most importantly, any treatment of isometries of N=2 
NLSM is very complicated in N=l superspace |Q. The N=2 NLSM isometries are. 



however, going to be crucial for our purposes in the next sections. 
2.2 N=2 superspace and NLSM 

The 4d, N=2 superalgebra SUSY^ is a graded extension of the 4d Poincare algebra. 
In addition to the generators of the Poincare algebra {P^,Mxp), n = 0,1,2,3, the 
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superalgebra SUSY^ contains two Majorana spinor generators ((5a,Qf), « = 1,2, 
and the generators A^j of the U{2)ji = SU{2)r x U{1)r automorphisms. Together 
they satisfy the (anti)commutation relations 

[P„QU = [P„Qh = {Q'a,Q'p} = {Q?,Qh = 0, 

^ m] = S jA rn ~ S j , 

[A'„M,,-] = [A'„P,] = 0. (2.19) 
The U{1)r generator B = A^i has the commutation relations 

[5,QL]=QL, [B4n=-Qt- (2.20) 

In fiat N=2 superspace with the coordinates Z = (x^,6'",^*.) one can also intro- 

a 

_ • 

duce the N=2 covariant spinor derivatives (-D^, D'^) anticommuting with the N=2 
supersymmetry charges and satisfying the same algebra, 

{D^, D A = 5^,a^.P, , {Dl, D^} = {dI d'^} = . (2.21) 

Their explicit realization reads 

Di = ^-W.e^\ d'^ = -t^- . (2.22) 

a 

A general N=2 superfield is the irreducible representation of the enlarged superal- 
gebra SU SY^'^ defined by adding the covariant derivatives (D^, D") to the generators 
of SUSY^. The same superfield is, however, reducible with respect to the N=2 super- 
symmetry algebra SUSY^, while its irreducible constituents can be defined either by 



imposing certain N=2 superspace constraints or by using superprojectors ||38|, For 
example, the abelain N=2 superfield strength of an N=2 vector multipet is desribed 
by the restricted chiral N=2 superfield W subject to the N=2 superspace (off-shell) 



constraints 39, 21 



D^W = 0, D^W = \jW, where = Y[Di . (2.23) 

i,a 
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Solving the constraints (2.23) is fully straightforward, and it results in [39, 21 



2 

(2.24) 

in terms of the complex scalar A, the Majorana douplet ip^,, the real auxiliary SU{2) 
triplet Cm, and the real antisymmetric tensor F^^, subject to the 'Bianchi identity', 

e'-'^'d^F,^ = , (2.25) 

whose solution is F^i, = d^Ay — dyA^. 

The free equations of motion for the N=2 vector multiplet in the standard N=2 
superspace are given by 

DijW = , where Ai = D?Daj ■ (2.26) 

Let's now introduce the N=2 source superfield Lij = Lji into eq. (2.26), 

D,jW = . (2.27) 
The constraints (2.23) imply the constraints on the N=2 superfield Lij, 

jj{il3k) ^ -^^{i^jk) ^ Q _ e'''e^%i . (2.28) 

The constraints (2.28) define an off-shell N=2 tensor multiplet in the standard N=2 
superspace [ p^ . 

Eq. (2.28) can be further generalized to N=2 superfields L*^"'*" that are totally 
symmetric with respect to their SU (2)r indices and satisfy the constraints 

2^(fc^il-in) ^ -^^(klh-in) ^ Q _ ^2.29) 

In the case of an even number of indices, n = 2p, the superfields L*^ ' *^^ can satisfy 
the reality condition 

Lii---i2p = {L^^ *^*')* = ^iiii ■ ■ ■ ^j2pi2p-^*^ • (2.30) 

Eqs. (2.29) and (2.30) define the projective (generalized tensor) N=2 multiplets 
for all > 2 [^, They are irreducible off-shell representations of N=2 extended 
4d supersymmetry of superspin Y = and superisospin / = (n — 2)/2, having 8(n — 1) 



bosonic and the same number of fermionic (off-shell) field components p4| , 

l^il-in ^ ^i2-in ^ jyis-in ^ yis^-in ^ ^U-in ^ fji^-inX _ (^2.31) 

I- aa a J 
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It follows from matching the bosonic and fermionic degrees of freedom that the real 
vector \^ • in an N=2 tensor multiplet has to be conserved, d°"^V • = 0, whereas the 

aa aa 

vector fields of the projective N=2 multiplets with n> 2 are all unconstrained. 

aa 

Choosing n = 1 in eq. (2.29) results in the on-s/ie// constraints defining the Fayet- 
Sohnius (FS) hypermultiplet (of vanishing central charge) whose independent com- 
ponents have helicities (±^,±0), as is required for the 'true' hypermultiplet PD[ . 
The failure to incorporate the off-shell (i.e. model- independent) FS hypermultiplet 
within the framework of the standard N=2 superspace has far reaching consequences 
in N=2 supersymmetry. In particular, as regards N=2 NLSM, it does not allow one to 
formulate the most general, manifestly N=2 supersymmetric NLSM in the standard 
N=2 superspace. Since N=2 supersymmetry amounts to the hyper-Kahler NLSM 
geometry, the roots of the problem can be traced back to the basic properties of the 
hyper-Kahler structure (Appendix A). To the end of this subsection, we argue that 
the twistor approach ^ is indeed the natural way to solve this problem. 

Given a hyper-Kahler manifold Ai, a linear combination, aJ^^^ + bJ^"^^ + cJ^^\ of 
its three, linearly independent and covariantly constant, complex structures satisfying 
the quaternionic algebra (A. 12), with arbitrary real parameters (a,6, c), is also the 
covariantly constant complex srtructure provided that + 6^ + = 1. Hence, a 
hyper-Kahler manifold Ai possess the variety of non-canonical complex structures 
(on the top of the canonical one), worthy of a two-sphere S*^. This feature is crucial 
for the efficiency of the twistor space in monopole physics, whereas its PSS and 
HSS extensions provide the natural framework for an explicit construction of hyper- 
Kahler metrics from superspace. In the HSS approach one extends the ordinary N=2 
superspace by the two-sphere S"^. Because of the isomorphism S"^ ~ SU{2)/U{1), 
one can actually add the group SU{2) instead of the coset, by restricting the HSS 
superfields to the ones that are equivariant with respect to the U{1) symmetry — this 
mathematical construction is the very particular realization of a flag manifold |^ 



The SU{2) symmetry can be identified with the N=2 supersymmetry automorphisms 
SU{2)fi that can be made manifest in HSS. In the PSS construction |]22| , ^ one uses 
another isomorphism 5*^ ~ CP{1) by adding a (complex) projective line CP{1) to 
the standard N=2 superspace. The SU{2)r automorphisms are realized in PSS by 
the (non-linear) projective transformations. Though the HSS approach is the most 
symmetric and universal one, it also implies the infinite number of auxiliary fields, 
e.g. in the off-shell formulation of the FS hypermultiplet. This makes the relation 
between the HSS superfields and the component approach to be highly non-trivial. 
The PSS approach can be formulated with a finite number of auxiliary fields for a 
restricted class of N=2 NLSM, by assuming a holomorphic (polynomial) dependence 
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upon the CP{1) coordinate. Allowing a more general (e.g., meromorphic) dependence 
of projective N=2 multiplets upon the CP{1) coordinate makes the PSS method to be 
essentially equivalent to the HSS one |Q (see Appendix B for a technical inroduction 
into PSS, and Appendix C for a technical introduction into HSS). 

The PSS construction of the N=2 NLSM metrics can be summarized into a short 
prescription known as the generalized Legendre transform |Q . One considers sections 



of 0{2p) line bundles over CP(1), defined by all holomorphic polynomials of the 
CP{\) projective coordinate ^, of order 2p {cf. eq. (B.2)), 

Q(2rt(o = z+v^+ w^e +■■■+ W2p^2e'-' + i-iy-'ve'-' + i-irze" , (2.32) 

subject to the reality condition (c/. eq. (2.30)) 

QMO = {-m''Q(2r>){-l/0 ■ (2.33) 
One introduces the contour integral (c/. eqs. (B.IO) and (B.25)) 

i^=^£rfa"'G(Q(0,0 (2.34) 

in terms of a holomorphic function G(Q(^),^). A Kahler potential K of the hyper- 
Kahler metric associated with the holomorphic input {G, C) is found by performing 
the complex Legendre transform with respect to v and v (c/. eq. (B.26)), 



K{z^ u, u) = F{z, z, V, V, Wa) — uv — uv , (2.35) 

subject to 

_dF __dF 

when simultaneously extremizing F with respect to all Wa, where a = 2, . . . , 2p — 2 
{of. eq. (B.23), 

OF 

^ = . (2.37) 

The generalized Legendre transform provides the very powerful method for an 
explicit construction of hyper-Kahler metrics, especially after taking into account all 
0{2p) sections over CP{1) with p = 1, 2, ... , oo. In fact, one has to take all of them 
in the most general case. However, because of the complicated (highly non-linear) 
algebraic relations associated with the generalized Legendre transform, it seems to be 
very difficult to classify all hyper-Kahler metrics (e.g., according to their isometries) 
by using this method. 
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Harmonic superspace (HSS) can be independently justified by 'relaxing' (i.e. lift- 
ing off-shell) the Fayet-Sohnius hypermultiplet constraints (2.29) in the on-shell case 
of n = 1. It can be achieved with the infinite chain, 



ak 



^ klmn 

an 



(2.38) 

which involves all complex projective multiplets l(*i ' *2p+i) up to p = oo. The hyper- 
multiplet HSS superfield (see Appendix C) is equivalent to eq. (2.38). Though it 
is definitely possible to incorporate all relaxed projective supermultiplets, including 
the one of eq. (2.38), into the framework of the PSS construction (Appendix B), it is 
hardly convenient in practice. 



2.3 Isometries of N=2 NLSM 

As regards the general bosonic NLSM (2.4), its isometry (symmetry) Lie group G 
may have an isotropy subgroup H consisting of those transformations of G that leave 
a point {v4*} in the NLSM target space fixed. The remaining symmetries of G move 
the point {A*}, being non-linearly realised. The infinitesimal action of G reads 

6 A' = X^kij{A) , (2.39) 

where k\^{A), M = 1,2, .. . ,dimG', are the Killing vectors generating the group G 
and satisfying the Killing equation A;^"'^ = 0, while A*^ are (Lie algebra) parameters. 
The isotropy subgroup H{A) depends upon the point {A*} chosen. In adapted local 
coordinates, associated with a given point A\ the group H{A) acts linearly, i.e. 

6A' = iX^iTxYjA^ , (2.40) 

where Tx are the hermitian generators of H{A). We follow ref. here. 

A description of isometries of a Kahler manifold has some special features related 
to the invariance of its complex structure under holomorphic transformations that do 
not mix A^ and Aj. It is, therefore, natural to distinguish between the holomorphic 
isometries possessing the same property, and the isometries that do not. The Lie 
derivative associated with a holomorphic Killing vector leaves both the Kahler metric 
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and the complex structure invariant [J5 . The action of the holomorphic isotropy 
subgroup in adapted coordinates reads 



SA' = iX'jA^ , SAi = -lAjX^i , where = X^iTxYj . (2.41) 

The Kahler potential is generically invariant under the isometry modulo a Kahler 
gauge transformation, 

6K = r]{A)+r]{A) , (2.42) 

with a holomorphic function rjlA). In the isotropic case one can always choose the 
Kahler gauge where t] vanishes, so that 

6K = iXj{KiA^ - K^Ai) = . (2.43) 

To describe general holomorphic isometries, one introduces Killing vectors ka with 
holomorphic components kl{A) and their complex conjugBjtcs h(ii(^j^^ ||33|| , 

5A' = X'^ki = Lx.kA' , 5Ai = X''ka^ = Lx-kAi . (2.44) 

In adapted coordinates, eq. (2.44) takes the form of eq. (2.41). The holomorphic and 
antiholomorphic components of the Killing vectors generate two separate isometry 
algebras, and, in general coordinates, obey the Killing equations 

K',ki,k + Khkai'' = . (2.45) 

Eq. (2.45) implies the existence of the Killing potential associated with a holomorphic 
Killing vector [||, g. 

Since a hyper-Kahler metric is fully characterized by its quaternionic or triholo- 
morphic structure, it is also quite natural to distinguish between the triholomorphic 
isometries preserving all three complex structures, and the non-triholomorphic isome- 
tries that do not share this property. The triholomorphic isometries are also known in 
the literature as translational, while they commute with N=2 supersymmetry in the 
N=2 NLSM. The non-triholomorphic isometries are sometimes called rotational since 
the action of the corresponding Killing vector on the complex structures amounts to 
their rotation, while they do not commute with N=2 supersymmetry. 

In real coordinates (Appendix A), a triholomorphic Killing vector k"^ satisfies the 
equation 

P±/(P^™fc-)^^. = 0, (2.46) 
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where we have used the projection operators of eq. (A. 2). Eq. (2.46) is equivalent to 
the vanishing Lie derivative of each complex structure J, 



LkJi — k Ji\rn k"^ ,mJi ~\~ ^ .iJrr/ — . (2.47) 

In the special coordinates, where the complex structures have the form (A. 6) and 
(2.13), and the Killing vector are manifestly holomorphic with respect to the 



canonical complex structure, the triholomorphicity condition reads |]33[ 

^^^l.m _ Qjmj^i . = , (2.48) 

or, equivalently, 

^jlik.M ^ Q _ ^2.49) 

The triholomorphic condition (2.46) or (2.47) can be considered as the integrability 
condition for the existence of a real Killing potential X^'^^ for each complex structure 
J, which satisfies the differential equation 



k'Jij = -X^^\j . (2.50) 

In the special coordinates, the existence of a real Killing potential X'^'^'^ amounts to 
the existence of a holomorphic Killing potential P and an antiholomorphic Killing 
potential P, which are defined with respect to J*-^-* =F iJ^'^\ respectively |^ . 

Triholomorphic isometries of a hyper-Kahler metric significantly simplify an ex- 
plicit construction of the metric. Given an N=2 tensor multiplet amongst the argu- 
ments of the PSS construction (Appendix B) or, equivalently, a section of the line 
bundle 0(2) in the generalized Legendre transform, it always implies a translational 
(or triholomorphic) isometry. This can be understood as the result of dualization 
of the conserved vector amongst the components of the N=2 tensor multiplet. The 
translational isometry is manifest in the corresponding Kahler potential of eq. (B.13). 
This property is not shared by the higher projective multiplets associated with the 
0{2j) bundles over CP {I) with j > 1. 

In the HSS approach, an analytic hypermultiplet superfield and its analytic 
conjugate q ^ naturally form an Sp{l) doublet, q""^ ^ where a = 1, 2. The free hyper- 
multiplet action (C.7) has the manifest Sp{l) isometry, in addition to the manifest 
SU{2)ji isometry. The U{1) subgroup of the Sp{l) rotations is given by 

g+ ^ e*"g+ and i + ^ e"^" i + , (2.51) 



and it can be identified with the U{l)ji symmetry. 
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In order to get the most general N=2 NLSM in HSS, let's make the same trick as 
in general relativity, where one goes from a flat space metric in general coordinates 
to the truly curved space metric. In HSS we can assign extra Sp{n) indices to the 
HSS superfields, 

^ , A = l,2,...2n, (2.52) 

and apply a reparametrization, 

-> = /^+(g,M) , with u^' inert, (2.53) 
to the free HSS action (Appendix C) 

Sfreelq''] = \l q\D^^ . (2.54) 

^ ./analytic 

One easily finds that the free action (2.54) gets transformed into 
S[q^] = \l {F+(g,«)D+V+ + G(+^Hg,n)} C^^'\q,u) , (2.55) 

J analytic ^ ' A J analytic 

with the 'particular functions F\ and given by 

n = ff-^ and = • (2.56) 

It is therefore eq. (2.56), with arbitrary complex functions Fj"(g,M) and a generic 
real function G''-+^)(g, m), that represents the most general N=2 NLSM in HSS (c/. 
ref. |iB|). The action (2.56) is invariant under infinitesimal field reparametrizations, 

5/+ = p^+(g,«) , 5w± = 0, (2.57) 

provided that 

5Ft = and = Fl9++p^+ . (2.58) 

The HSS 'vielbein' Fa is the pure gauge field with respect to the HSS reparametriza- 
tions, and it can be gauge-fixed to the 'canonical' form, F4 = q\, in adapted coordi- 
nates on the NLSM target space. It results in the standard form of the most general 
N=2 NLSM action in HSS 131, BBl, 



^NLSM[g] = \l {q\D++q^+ + /C(+^)(g, w)} . (2.59) 

Z v/ analytic ^ ^ 

The function K,^^'^\q^ u) is called a hyper-Kdhler potential P^ , 

Since isometries are the symmetries of the NLSM action, not of the NLSM La- 
grangian, in HSS the latter may vary into a total harmonic derivative, 5C^~^^^ = 
Z^++A++(g, m), because of the identity 



J analytic J analytic 



5-A- + '^D--q-- 
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. (2.60) 



The action (2.55) is invariant under an infinitesimal isometry transformation 

Sq^+ = £^p^^+ (2.61) 

witfi some constant parameters , X = 1, 2, . . . , dimif, and tlie triliolomorpliic 
Killing vectors p^^~^{q,u) provided that 



(2.62) 



In adapted coordinates eq. (2.62) simplifies to 

By analogy with the N=l superspace description of N=2 NLSM isometries, the an- 
alytic HSS superfield A"^"*""*" is called the (triholomorphic) Killing potential of the 
(triholomorphic) Killing vector p^^^ in HSS [^ . 

If the N=2 NLSM action (2.59) in adapted coordinates has a linearly realised 
isometry, eq. (2.61) takes the form (c/. eqs. (2.40) and (2.41)) 

5/+=^£^(rx)V+, (2.64) 

where Tx are the generators of H. The corresponding Killing vectors are linear in g, 
whereas their Killing potentials are quadratic ||46|| , 

A^++ = -iq\{Tx)^ Bq""^ • (2.65) 



3 Exact dynamics of a single hypermultiplet 

The general 4d, N=2 NLSM Lagrangian for a single hypermultiplet in HSS reads 
(subsect. 2.3) 

-£(+4)= J V + ^, w^) , (3.1) 

where the hyper-Kahler potential /C^^^^ is an arbitrary function of an unconstrained 
analytic HSS superfield g"^, its analytic conjugate q and harmonics . A function 
/(^(+4) should be of U{1) charge (+4) in order to cancel the opposite U{1) charge of 
the analytic measure in HSS (Appendix C). As regards the hypermultiplet LEEA 
also having the form of eq. (3.1), its hyper-Kahler potential plays the role similar to 
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that of the holomorphic Seiberg-Witten potential T in the abehan N=2 vector LEEA 
[H]. Because of manifest N=2 supersymmetry of eq. (3.1) describing the propagating 
Fayet-Sohnius hypermuhiplet degrees of freedom only, the equations of motion for 
the HSS action (3.1) determine (at least, in principle) the component hyper-Kahler 
NLSM metric in terms of a single HSS potential /C*^"^"^). It is not known how to 
deduce an explicit NLSM metric from eq. (3.1) in the case of a generic hyper-Kahler 
potential, though some explicit examples are available (Appendix C). 

A crucial simplification arises when the SU{2)ji symmetry is not broken, which 
is expected to be the case for the hypermultiplet LEEA (sect. 1). Since the SU{2)ji 
transformations are linearly realised in HSS, the SU{2)r isometry of the hypermulti- 
plet LEEA just means that the corresponding hyper-Kahler potential K,^^^'^ should be 
independent upon harmonics. This observation gives rise to the most general invari- 
ant 'Ansatz' for the LEEA of a single hypermultiplet, in the form of the most general, 
of f/(l) charge (-1-4), harmonic-indepenent hyper-Kahler potential (c/. ref. [Bl]), 



+ 



7 (g+) + P (g+) + h-c. 



(3.2) 



with one real (A) and two complex (/5,7) parameters. The Sp{l) = SU{2)pg trans- 
formations of leave the form of eq. (3.2) invariant but not the coefficients. Since 
SU{2)pG is the symmetry of a free hypermultiplet action (C.7), it can be used to 
reduce the number of coupling constants in the family of hyper-Kahler metrics asso- 
ciated with the hyper-Kahler potential (3.2) from five to two. In addition, eq. (3.2) 



implies the conservation law 34 



^++/^(+4) _ Q ^3 3) 

that is valid on the equations of motion of the hypermultiplet HSS superfield, 

D++ i + = 9/C(+^) /dq+ and = -dlC^^^^ /9 i + . (3.4) 



3.1 Hypermultiplet LEEA in the Coulomb branch 

The manifestly N=2 supersymmetric HSS description of the hypermultiplet LEEA 
allows us to exploit the constraints imposed by unbroken N=2 supersymmetry and its 
automorphism symmetry in the very efficient and transparent way. For example, as 
regards a perturbation theory in 4d, N=2 supersymmetric QED (or in the Coulomb 
branch of N=2 supersymmetric SU (2) Yang-Mills theory 0]), the unbroken symmetry 
is given by 

SUi2)R^ global X f/(l)local • (3.5) 
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Fig. 1 . The one-loop harmonic supergraph contributing 
to the induced hypermultiplet self-interaction. 



The unique hypermultiplet self-interaction consistent with N=2 supersymmetry 
and the symmetry (3.5) in HSS is described by the hyper-Kahler potential 



(+4) 

Taub-NUT 



A 



q q 



(3.6) 



just because this is the only function of U{1) charge (+4) that is independent upon 
harmonics, being invariant under the U{1) phase transformations (2.51) too. 

The induced coupling constant A of eq. (3.6) in the one-loop approximation can 
be determined from a calculation of the HSS graph shown in Fig. 1, after taking into 
account central charges pSf. The analytic propagator (the wave lines in Fig. 1) of the 
N=2 vector HSS superfield V^^ in N=2 supersymmetric Feynman gauge is given by 

m 



V^++(l)V^++(2)) = ^(D+)V2(Zi - Z^)5^~ 

I Ui 



-2,2), 



(3.7) 



where the harmonic delta-function 5^ '^''^\ui^U2) has been introduced |^. The hy- 
permultiplet analytic propagator (the solid lines in Fig. 1) with non-vanishing central 
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Fig. 2. Multi-loop corrections to the hypermultiplet self-interaction. 



charges is more complicated , 

^ (g+(l)g+(2)) = ~^ (^i^n;P|)% .3[K2)-Ki)l^i2(^^ _ z,) , (3.8) 

where we have used the 'pseudo-real' Sp{l) notation, see eq. (C.7). The 'bridge' v 
satisfies an equation D^+e'' = 0, whereas = \Zf is the hypermultiplet BPS mass. 
One finds 

iv = -z{e+e-) - z{e+e-) . (3.9) 

A calculation of the LEEA from the one-loop HSS graph in Fig. 1 is straightforward, 



while Z 7^ is essential ||2^. We find the predicted form (3.6) of the induced hyper- 
Kahler potential with the one-loop induced NLSM coupling constant 

IV? \ ' / A^ + im? 



(3.10) 



in terms of the abelian coupling constant g, the bare BPS mass and the IR-cutoff A. 
Note that A 7^ only when Z 7^ 0. The naive 'non-renormalization theorem' forbids 
the appearance of the quantum corrections given by integrals over a subspace of 
the full N=2 superspace, like the one in eq. (3.6). However, this 'non-renormalization 
theorem' does not apply in the case under consideration, because of the non- vanishing 
central charge Z {cf. ref. \W^)- 

The infra-red divergence of the one-loop induced effective coupling A in eq. (3.10) 
may cause concern about the consistency of our approach. It is worth mentioning, 
however, that eq. (3.6) is manifestly N=2 supersymmetric at any A. In other words, 
the infra-red cutoff is consistent with N=2 supersymmetry of the hypermultiplet 
LEEA. We expect the IR divergences to disappear after summing up (IR- divergent) 
higher-loop Feynman supergraphs with four external FS hypermultiplets (Fig. 2). 

It seems to be rather difficult to calculate the exact dependence of A upon the fun- 
damental parameters of the underlying gauge theory, such as the Yang-Mills coupling 



^Eq. (3.8) reduces to the HSS hypermuhiplet propagator found in ref. when Z = 0. 
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constant, an N=2 central charge and a Higgs expectation value, by using quantum 
perturbation theory. The perturbative expansion in terms of Feynman graphs assumes 
the validity of the weak-coupling description associated with a particular choice of 
fields and coupling constants in (a portion of) the quantum moduli space, whereas 
the parameter A is essentially non-perturbative (c/. the Fermi constant in QCD). 
Nevertheless, the exact geometrical (Taub-NUT) nature of the result (3.6), associated 
with a fundamental monopole belonging to the hypermultiplet under consideration, is 
very clear in the HSS approach. The coefficient A is simply related to the Taub-NUT 
mass, A = ^M"^ (see Appendix C). 

To understand the hyper-Kahler geometry associated with the hyper-Kahler po- 
tential (3.6), one may perform an N=2 supersymmetric reduction of the FS hyper- 
multiplet to an N=2 tensor multiplet, and then rewrite the corresponding dual HSS 
action into PSS. Unlike the off-shell FS hypermultiplet, the off-shell N=2 tensor mul- 
tiplet has the finite number of the auxiliary fields — see eq. (2.31). The N=2 tensor 
multipet constraints (2.28) can be rewritten to HSS as 

D++L++ = and I ++ = L++ , (3.11) 

where = ufu^ {Z). Let's substitute (we temporarily set A = 1) 

= i(^ +q+f = -2(L++)2 , or, equivalently, J +g+ = 2iL++ , (3.12) 

which is certainly allowed because of eq. (3.3). The constraints (2.28) can be taken 
into account off-shell, by using an extra real analytic HSS superfield uj as the Lagrange 
multiplier. Changing the variables from (g ~^,q'^) to {L^^,ij) amounts to the N=2 



duality transformation in HSS. An explicit solution to eq. (3.12) is known [^ , 

g+ = -i (2ut + if^^u^) e"'"/' , i + = z (2n+ - if^^u^) e'^'^ , (3.13) 
where the function is given by 

r-(L,.) = , nL-^-^-i) . ,3.14) 



1 + y 1 — AU1U2U1 U2 — 2iL++Ui U2 

It is straightforward to rewrite the free (massless) HSS action (C.7) in terms of 
the new variables. This results in the improved (i.e. N=2 superconformally invariant) 



N=2 tensor multiplet action |^ 



S. =- [ dC^^'^^duif^^)'^ . (3.15) 

improved 2, J \J J ' \ ' / 
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The action dual to the NLSM action defined by eq. (C.IO) is, therefore, given by a 
sum of the non-improved (quadratic) and improved (non-polynomial) HSS actions for 
the N=2 tensor muhiplet p3|, |8l. 



5Taub-NUT[^; ^] = + IJ dC^-'^du [(L++)2 + . (3.16) 

To understand the peculiar structure of the improved action defined by eqs. (3.14) 
and (3.15), let's extract a constant 'vacuum expectation value' out of L'-' by 
rewriting it to the form 

L++(C,«)= C++ + /++((,«). (3.17) 

We use the notation 

C++ = d^ufuf , W) = ^^ke,lc^' , = \c,,d' + , 

/++(L, u) ^ l++fiy) , y = l++c-~ . (3.18) 
The function /(y) then appears to be a solution to the quadratic equation. 

It can be shown that this equation follows from the rigid N=2 superconformal invari- 
ance on the improved action |^8|]. The improved action, defined by eqs. (3.15) and 



(3.19), does not really depend upon because of its S'f/(2)conf. invariance. 

It is also straightforward to rewrite eq. (3.16) to N=2 PSS and even to N=l 
superspace, where it takes the form of eqs. (B.3) and (B.IO), respectively. After 
restoring the dependence upon A = \M~'^ in eq. (3.16), we thus reproduce the PSS 
action of ref. |2^, with 



^G = m£^^ + £ Q(2)(lnQ(2)-l) , (3.20) 



Tco 2i 

where the contour Co goes around the origin, whereas the contour Cr encircles the 
roots of a quadratic equation, 

Q{2)(O = 0, (3.21) 

in complex ^-plane. The hyper-Kahler metric of the N=2 NLSM defined by eqs. (3.16) 
and (3.20) is equivalent to the Taub-NUT metric after the N=l superspace Legendre 
transform (see Appendix B) ||2^, with the mass parameter M = |A"^/^. Stated 
differently, eq. (3.6) describes the hyper-Kahler potential of the Taub-NUT metric in 
HSS (Apendix C). 
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The known U{2) = SU(2) x f/(l) isometry of the Taub-NUT metric is clearly 
consistent with eq. (3.5). It is instructive to investigate the realization of this internal 
symmetry in the various formulations of the N=2 Taub-NUT NLSM mentioned in 
this paper. The hyper-Kahler potential (3.6) in terms of the FS hypermultiplet 
provides the manifestly invariant formulation. In the dual HSS form, in terms of 
(L++,ci;), the non-abehan factor SU{2) is represented by the 5'f/(2)conf.5 whereas the 
abelian factor f/(l) is realized by constant shifts of uj. The SU{2)ji transformations 
act in PSS in the form of projective (fractional) transformations (B.7). 

Eqs. (B.8) and (B.9) imply that the SU{2)ji invariant PSS potential G{Q^2)) 
should be 'almost' linear in (5(2), like in the second term of eq. (3.20) where the extra 
logarithmic factor is merely responsible for defining the (closed) integration contour. 
The transition — > = (1,0 describes a holomorphic projection of HSS to PSS 
where the analytic superfield L'^~^{(,u) is replaced by a holomorphic (with respect 
to section Q(^2){L,^) of the line bundle 0(2) whose fiber is parametrized by the 
constrained N=l superfields, x and g. The equation y"^ = x ~ ^^9 + ^^X defines the 
Riemann sphere in parametrized by (y,^), where y^ = Q(2) ■ 



3.2 Hypermultiplet LEEA in the Higgs branch 

There are no instantons in an abelian N=2 supersymmetric quantum field theory. 
This means that the perturbative result of subsect. 3.1 about the hypermultiplet 
LEEA described by the Taub-NUT metric is, in fact, exact in the abelian case. If, 
however, the underlying N=2 gauge field theory has a non-abelian gauge group whose 
rank is larger than one (say, SU{3)), one may expect nonperturbative contributions to 
the hypermultiplet LEEA (in the Higgs branch) from instantons and anti-instantons, 
which break the U{1) symmetry in eq. (3.5) (c/. ref. |11|). 

Given the most general S'[/(2)fl-invariant hyper-Kahler potential (3.2), let's make 
a substitution 



-{C,u), (3.22) 



where the real analytic superfield satisfies the conservation law (3.3), i.e. 

D++L++++ = . (3.23) 
Eq. (3.23) can be recognized as the ojf-shell N=2 superspace constraints 
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where = ulu^uluiU^^\Z), while eq. (3.22) imphes the reahty condition 



U,jkl — £j^^£j^£f,p£igL , (3.25) 

defining together the 0(4) projective N=2 supermultiplet (see subsect. 2.2. and 
Appendix B). Unhke the 0(2) tensor multiplet, the 0(4) multiplet does not have 
a conserved vector (or a gauge antisymmetric tensor) amongst its field components, 
which implies the absence of the U{1) triholomorphic isometry in the N=2 NLSM to 
be constructed in terms of 

The N=2 supersymmetric PSS construction of the invariant actions (Appendix 
B), in terms of a PSS potential G{Q{^),^), equally applies to the projective 0(4) 
supermultiplets, while should enter the universal PSS action (B.3) via the 

argument 

Q(4)(2, = UMiV'^'iZ) , = (1, • (3.26) 

The N=l supcrspace projections of eqs. (3.26) and (B.3) are given by eqs. (B.24) and 
(B.25), respectively, in terms of the N=l chiral supcrficld x- the N=l complex linear 
superfield W, and the N=l general (unconstrained) real superfield V. 

The auxiliary field component C of the 0(4) projective multiplet, defined by 
eq. (2.31) (or, equivalcntly, the N=l superfield V in the N=l superspace reformula- 
tion) enters the PSS action (B.3) as the Lagrange multiplier, whose elimination via 
its 'equation of motion' gives rise to an algebraic constraint, 

Eq. (3.27) reduces the number of independent physical real scalars from five to four, 
which is consistent with the fact that the real dimension of any hyper-Kahler manifold 
is a multiple of four (Appendix A). After solving the constraint (3.27), the complex 
linear N=l superfield W can be traded for yet another N=l chiral superfield ■0, by 
the use of the N=l superfield Legendre transform. It results in the N=l superspace 
Kahler potential ir(x, x, ■0, V') of the N=2 supersymmetric NLSM (Appendix B). 

The most straightforward procedure of calculating the dependence q{L) out of 
the definition (3.22), as well as performing an explicit N=2 supersymmetric duality 
transformation of the free FS action (C.7) into the dual (improved) action of the 
constrained N=2 superfield U^^^ defined by eqs. (3.24) and (3.25), needs the exphcit 
roots of the quartic polynomial. Though it is possible to calculate the roots, the 
results are not very illuminating. In fact, the explicit roots are not even necessary to 
determine the explicit form of the dual N=2 PSS action. Within the manifestly N=2 
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supersymmetric approach, it is the SU{2)ji symmetry and regularity requirements 
that are sufficient to fix the action in question, either in HSS or PSS (c/. ref. [@). The 
one real and two complex constants, (A,/5,7), respectively, parametrizing the hyper- 
Kahler potential (3.22) can be naturally united into an SU (2) 5-plet c*-''^' subject to the 
reality condition (3.25). After extracting a constant piece out of q~^, say, g+ = u'^ + q'^ 
and Ua = (1,0; collecting all constant pieces on the left-hand-side of eq. (3.22), 
we can identify their sum with a constant piece c++++ = d^^^ufu'^u^u'l of 
on the right-hand-side of eq. (3.22), representing the constant vacuum expectation 
values of the N=l superfield components of 

A = (y) , f3 = {W) , 7 = (X) • (3.28) 

The SU{2)ji transformations in PSS are the projective transformations (B.7), so 
that the PSS potential G of the 'improved' 0(4) projective multiplet action having 
the form (B.3) must be proportional to \ Q{4) just because of the transformation rules 



G(Q'(4)(n,n = (^^^G(Q(4)(o,o and Q[40 = ^^l^^y Qi^m- (3.29) 

The most general non-trivial contour Cr in complex ^-plane, whose definition is com- 
patible with the projective SU{2) symmetry, is the one encircling the roots of the 
quartic (c/. eq. (3.21)), 

Q(4) (0 1 = P + eg + er - eq + ep , (3.30) 

with one real (r) and two complex (p, q) additional parameters belonging to yet an- 
other 5-plet of SU{2)pQ = Sp{l). The projective SU{2) invariance can be used to re- 
duce the number of independent parameters in the corresponding family of the hyper- 
Kahler metrics from five to two, which is consistent with the HSS predictions. We 
didn't attempt to establish an explicit relation between the HSS coefficients (A,7,/5) 
and the PSS coefficients {r,q,p). The most natural contour Cr, surrounding roots of 
the equation 

Q(4)(O = 0, (3.31) 

just leads to the only non-singular hyper-Kahler NLSM metric (see subsect. 3.3). 

Taking together the above considerations implies that the 5'f/(2)-invariant PSS 
action, dual to the HSS action defined by eqs. (3.1) and (3.2), is given by 

1 1 i %) 



■^The generalization of eq. (3.21) similarly to eq. (3.30) is 'empty' since a quadratic polynomial 
C(2)(0 = P ~ i^l + C^P can always be removed by an SU{2) transformation. 
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The constraint (3.27) reads in the follows: 

Q{4) 



(3.33) 



so we can 



The generalized Legendre transform of the function (3.32) is known |50 
simply 'borrow' some of the results of ref. |50| here. 

Due to the reality condition (3.25), the quartic equation (3.31) has two pairs of 
roots (p, — 1/p) related by an SL{2,Z) transformation and satisfying the defining 
relation 

Q(4)(e) = c(e - Pi)(pie + m- P2){p2i + 1) . (3.34) 

The branch cuts in complex ^-plane can be chosen to run from pi to — l/p2 and 
from p2 to — 1/pi. The contour integration in eq. (3.33) can then be reduced to the 
complete elliptic integral (in the Legendre normal form) over the branch cut [Q, 

4 /■! di 



C(l+|pi|')(l + |p2|') 



e)ii-k^e) 



1 



with the modulus 



(1 + PlP2)(l + P2P1 

:i + iPii')(i + iP2i' 



(3.35) 



(3.36) 



The constraint (3.35) can be explicitly solved in terms of the complete elliptic inte- 
grals, 



K{k) 



■k/2 



E{k) = r''^ d-i Jl - k^ sin^7 
Jo 



(3.37) 



'1 — k"^ sin^ 7 

of the first and second kind, respectively, by using the following parametrization |^ 



H 



V 



26^'"^ [cos(2^/')(l + cos2^9) 
+2isin(2^/')cos?9 + (2A;2 - 1)8111^^] K^{k) , 

8e^'^sin'(9[sin(2V^) (3.38) 
-icos{2ilj)cos^ + i{2k^ - l)cost9] K^{k) , 

-3 cos(2^/') sin^ ^ + {2k'^ - 1)(1 - 3 cos^ K^{k) , 



where the Euler 'angles' {'d,ip,(f) have been introduced. Together with the modulus 
k they represent the independent (superfield) coordinates in the N=2 NLSM under 
consideration. 

Being applied to the function (3.32), the Legendre transform (2.35) with respect to 
W, on the constraint (2.37) having of the form (3.35), gives rise to the (double cover 
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of) Atiyah-Hitchin (AH) space M2 as the NLSM target space. It was demonstrated 
in ref. by comparing the hyper-Kahler structures, which is enough to claim the 
equivalence between the N=2 NLSM metrics in accordance with the general discussion 
in subsect. 2.1. 

The AH space M2 was originally introduced as the (centered) moduli space of two 
(fundamental) BPS SU{2) monopoles |^. The metric of the AH space is known to 



be the only reg'w/ar hyper-Kahler metric with the entirely non-triholomorphic S0{3) 
symmetry rotating hyper-Kahler complex structures |^ . In the Donaldson descrip- 
tion of the AH space (see subsection 4.2 for basic definitions), the AH space M2 
is described by the quotient of an algebraic curve in C^, 

x'^ — zy^ = 1 , where x,y, z E C , (3.39) 

under Z2 : {x,y,z) = {—x,—y,z). Eq. (3.39) thus describes the S'f/(2)-symmetric 
universal (2-fold) covering M2 of the AH space. Since our N=2 superspace techniques 
are purely local, we are unable to distinguish between M2 and M2. Accordingly, we 
make no distinction between S0{3) and SU{2) in our considerations. Q 

The line element of any four-dimensional (Euclidean) metric having 5*0(3) isom- 
etry can be written down in the Bianchi IX formalism as follows: 

ds^ = f{t)de + A^{t)al + B^{t)al + C^{t)al , (3.40) 

where fit) = ^ABC, while cTj stand for the S'0(3)-invariant 1-forms 

ai = + ^ {sinip d-d — sin cos ip dip) , 

(J2 = — ^ {cos ipd-t} + sin sin ipdif) , (3-41) 
(73= +5 {dip + cos i^dip) , 
in terms of the Euler angles {d^ip^ip). The one-forms (3.41) obey the relations 

ai A Gj = \eijkdak , i, j, = 1, 2, 3 . (3.42) 

The standard parametrization of the AH metric uses the complete elliptic integrals 
(3.37) and the modulus k related to the variable t of eq. (3.40) via the relation 

t - (3 43) 

* " 7iK{k) ' ^^-^^^ 



*See, however, ref. M for a discussion of the global issues associated with M2 and Af2- 
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where k' is known as the complementary modulus, k''^ = 1 — k'^. The AH metric in 



terms of the independent coordinates {k; 7?, ijj, (f) reads 

2 



4 I kk'^K^ 



+ A\k)al + B\k)al + C''{k)a^ 



2 

3 ; 



(3.44) 



where the coefficient functions satisfy the relations 

AB = 
EC = 
AC = 



K{k) [E{k) - K{k)] , 

K{k) [E{k) - k'^K{k)] , (3.45) 
K{k)E{k) . 

The parametrization (3.38) leads to the AH metric in the form (3.44) whose coefficient 
functions {A, B, C) are given by a cyclic permutation of those in eq. (3.45) [Q. The 
Kahler potential of the AH metric was calculated in ref. . 

In the limit A; — > 1 (or, equivalently, /c' ^ 0), one has an asymptotic expansion 

{k'r 



K{k) ^ - log k' 
which suggests us to make a redefinition 



1 + 



+ 



(3.46) 



k' = Vl — fc2 ^ 4 exp 



(3.47) 



and describe the same limit at 7 ^ 0~. After substituting eq. (3.46) into eq. (3.45) 
one finds that the AH metric becomes exponentially close to the Taub-NUT metric 
in the form (3.40) subject to the additional relations 



1 + 7 
7^ 



1 + 7 



(3.48) 



and with the negative mass parameter M = [^. In terms of the general hyper- 
Kahler potential (3.2) whose 'Taub-NUT' parameter A is fixed, we are left with the 
one-parameter family of the hyper-Kahler metrics, all having the same perturbative 
behaviour. In this context, the unique solution given by the AH metric follows from 
a calculation of the one-instanton contribution to the LEEA, which unambigously 
determines the last parameter [0 (see subsect. 3.3. for another argument). It also 
implies that |7|~^ is proportional to the one-instanton action. 

The extra U{1) symmetry of the Taub-NUT metric (when compared to the AH 
metric) is the direct consequence of the relation A"^ = B^ arising in the asymptotic 
limit described by eq. (3.48). The vicinity of k' ~ 0^ describes the region of the 
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hypermultiplet moduli space where quantum perturbation theory apphes, with the 
exponentially small (nonholomorphic) AH corrections to the Taub-NUT metric be- 
ing interpreted as the instanton/anti-instanton contributions. Those nonperturbative 
corrections are supposed to be related to the existence of BPS monopoles in the 
underlying non-abelian N=2 field theory. The AH metric, as the metric in the hy- 
permultiplet quantum moduli space, was proposed by Seiberg and Witten in the 
context of 3d, N=4 supersymmetric gauge field theories, where it can be related to 
the (Seiberg- Witten) gauge LEEA via the c-map in three spacetime dimensions 
(sect. 1). 

From the N=2 PSS viewpoint, the transition from the perturbative hypermultiplet 
LEEA to the nonperturbative one thus corresponds to the transition from the 0(2) 
holomorphic line bundle associated with the standard N=2 tensor multiplet to the 
0(4) holomorphic line bundle associated with the N=2 projective 0(4) multiplet. 
The two holomorphic bundles are topologically different: with respect to the standard 
covering of C'P(l) by two open affine sets, the 0(2) bundle has the transition functions 
whereas the 0(4) bundle has the transition functions In general, the variable 
Q{2j) is the coordinate in the fiber of the 0(2j) line bundle. 



3.3 Atiyah-Hitchin metric and elliptic curve 



The quadratic dependence of (5(2) upon ^ in eqs. (B.2) and (B.IO) allows us to interpret 
Q(2)(0 a holomorphic (of degree 2) section of PSS, fibered by the superfields (x, g) 
and topologically equivalent to the Riemann sphere described by an algebraic equation 
= X ~ ^^9 + i'^X with = (5(2) • Similarly, the quartic dependence of (^(4) upon 
^ in eqs. (B.2) and (3.26) allows us to interpret (5(4)(0 a holomorphic (of degree 
4) section of PSS, fibered by the superfields (x, W, V) and topologically equivalent to 
the elliptic curve Snyper. defined by an algebraic equation 



y\0 = x + ^w + ev-ew + ^'x 



(3.49) 



where y'^ = (5(4) • The non-perturbative hypermultiplet LEEA can, therefore, be 



encoded in terms of the genus-one Riemann surface Snyper. IH]. This result is quite 
similar to the famous Seiberg- Witten description H] of the exact LEEA in the SU{2) 
N=2 super- Yang-Mills theory, in terms of the elliptic curve Ssw 

The twistor construction of the AH metric |^ is known to be closely related to 



the spectral cmve Sh |5^. The elliptic curve Sh naturally arises in the uniformization 
process of the algebraic curve (3.39) in the Donaldson description of the AH space 



[Ml - This actually provides enough evidence to identify Sh with Snyper. |^ |. 
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The defining equation (3.49) can be put into the normal (Hurtubise) form 



(3.50) 



Eq. (3.50) is simply related to another standard (Weierstrass) form, = Ax^—g2X—g3 



1. Therefore, in accordance with refs. [ET 



^ , the real period u of Sh is 
cj = 4fci , where ikl = kk'K^{k) , (3.51) 



whereas the complex period 'matrix' of Sh is given by 

iK{k') 



T 



K{k) ' 



(3.52) 



The normal form (3.50) is related to that of eq. (3.49) by the projective SU{2) 
transformation (c/. eqs. (B.7) and (B.9)) 



aC, — b 
04 + a 



(6e + a) 



\af + \bf = 1 , 



(3.53) 



whose complex parameters (a, 6) are functions of the Euler 'angles' {'d,ip,'^) (see 
eq. (3.38) in subsect. 3.2) Q, 



sm— e ^ — i\ cos— 

2 2 V 2 2 



1 + k . 1^ . l^-r. u 

sm — e ^ — i\ cos— 



'1 - A; d L 
—t 
2 



(3.54) 



Eq. (3.54) implies another parametrization of the quartic (3.49) 
$ = - jK\k)e-'^'^ sin'^ ^ (1 + k'^ sm\i 
H = 



— -K^{k) sin(2'i9)e (^1 + /c'^ cos ■i/' tan "i? sinh u 
V = +^K\k)[2-k'^ + 3sm'^^(^k'\os^'4j-l 



(3.55) 



where u = log (tan |^ + itp. The parametrization (3.55) is closely related to that of 
eq. (3.38), by a cychc permutation of the coefficient functions {A, B, C) in eq. (3.44). 

At generic values of the AH modulus /c, < < 1, the roots of the Weierstrass 
form are all different from each other, while they all lie on the real axis, say, at 
63 < 62 < ei < 00 = (64). Accordingly, the branch cuts are running from 63 to 62 
and from ci to 00. The integration contour in the PSS formulation of the exact 
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hypermultiplet LEEA in eq. (3.32) can now be interpreted as the contour integral 
over the non-contractible a-cycle of the elliptic curve Sh |5^, again in very close 
analogy to the standard writing of the Seiberg-Witten solution |I| in terms of the 
abelian differential Asw integrated over the periods of Ssw 

The perturbative (Taub-NUT) limit k ^ 1 corresponds to the situation when 
62 — > ei, so that the /?-cycle of Eh degenerates. The curve (3.50) then asymptotically 
approaches a complex line, y ~ '^K^. Another limit, — 0, leads to a coordinate 
holt-type singularity of the AH metric in the standard parametrization (3.44) 
In the context of monopole physics, ^ corresponds to the coincidence limit of 
two centered monopoles. In the context of the hypermultiplet LEEA, A; ^ implies 
62 — 63, so that the a-cycle of Eh degenerates, as well as the whole hypermultiplet 
action associated with eq. (3.32). The two limits, — 1 and — 0, are related by 
the modular transformation exchanging k with k' , and a-cycle with /?-cycle . 



The AH metric is known to be only regular and complete four- dimensional hyper- 
Kahler metric with the purely rotational 5*0(3) isometry [^T], Being regular 

means the absence of singularities, while completeness means that every curve of 
finite length in the hyper-Kahler manifold under consideration has a limiting point. 
It is worth mentioning that only regular (i.e. globally well-defined) hyper-Kahler 
metrics can be interpreted as the metrics governing the hypermultiplet LEEA. Since 
the most general four- dimensional sM(2)/j-invariant hyper-Kahler metrics in HSS are 
given by the two-parametric family described by the hyper-Kahler potential (3.2), it 
is important to find a simple way by which one can distinguish the regular AH metric 
amongst them. This problem is also present in the generalized Legendre transform 
construction of hyper-Kahler metrics. The underlying elliptic curve provides a nice 
interpretation to this problem The most general integration contour Cr in the 
PSS construction (3.32) is described by eq. (3.30). As is clear from the results of 
this subsection, any non-trivial contour Cr can be equally interpreted as a linear 
conbination, Cr = nia + n2l3, of the fundamental cycles, a and /3, of the underlying 
elliptic curve Sn, with some integral coefficients, ni and n2. An integration over the 
/5-cycle is known to yield a bolt-type singularity and it thus has be excluded. 
The contour integration over the a-cycle yields the regular AH solution. The value 
ni of the 'winding' number is obvioulsy not relevant for regularity of the metric. | 
A generalization of the 'regular' 1-cycle to the higher-genus spectral curve associated 
with the charge-n (centered) monopole space (subsect. 4.2) just leads to the Ercolani- 
Sinha constraints [1191 mentioned in the Introduction. 



^The Dk gravitational instanton metrics are not regular jlj, |l^, and they only possess U{1) 
rotational isometry. 
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4 More hypermultiplets and larger gauge groups 



If the underlying N=2 supersymmetric gauge field theory has a larger (of rank r > 1) 
simple gauge group, such as SU{n + 1), n > 1, there may be more (magnetically 
charged) massive hypermultiplets 5^+, A — 1,2,..., 2n, in the LEEA, either in the 
Coulomb branch or in the Higgs branch. Their exact self-interaction is described by 
the hyper-Kahler NLSM governed by a hyper-Kahler potential /C(+'^) {q'^~^; uf) in HSS, 

-Cleea = + /C(+^)(/+;«f) . (4.1) 

The non-anomalous SU{2)fi symmetry further implies that the hyper-Kahler po- 
tential /C*^+'^^ should be independent upon harmonics. Therefore, the analytic function 
is given by a real quartic polynomial of the analytic HSS superfields 

/C(+^) (q) = p(+^) (q) ^ A^^cD/+g^+g^+g^+ , (4.2) 

whose coefficients \(abcd) are totally symmetric and arc subject to the reality con- 

* * 
dition, P — P^~^^\ In a bit more explicit notation, g"^"*" — {Qm:— Q m): 

have 

p(+^) = ^mn,pq<1m<1n QpQQ + ^NMPQqMQNqpqQ + ^NMPQqtiqNqp ^ ^ + h-c. , (4.3) 

with some constants X{mn),{pq), \nmpq) and \nmp)q- 

Not all of the constants are really significant since the kinetic terms in eq. (4.1) 
have the manifest global Sp{n) symmetry under the transformations of q^'^ . Hence, 
the space of all 5'C/(2)ij-invariant hyper-Kahler metrics in 4n real dimensions is 
parametrized by the quotient 

Tm^{P^^'\X)}/Sp{n) . (4.4) 

It may not be accidental that the Sp{n) factor in eq. (4.4) coincides with the maximal 
Sp{n) holonomy group of hyper-Kahler manifolds in An real dimensions. 

4.1 Exact hypermultiplet LEEA in the Coulomb branch 

In the Coulomb branch of the N=2 super- Yang-Mills theory with the G = SU{n + 1) 
gauge group, the gauge symmetry G is (generically) spontaneously broken to its 
maximal Cartan subgroup H = f/(l)", due to a non-vanishing vacuum expectation 
value, (0) 0, of the adjoint Higgs field. Since TT2[SU{n + l)/t/(l)"] = 7ri[t/(l)"] = 
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Z", one expects rank(G') = n different types of magnetic monopoles associated to 
each of the Cartan generators and belonging to hypermultiplets. The corresponding 
classical solitonic solutions can be obtained via embedding the known SU{2) solutions 
(see Appendix D) along the simple root directions in G (see ref. jl^, or a recent 
review ||5^). As regards the LEEA of the hypermultiplets corresponding to different 
simple roots, it should possess the tri-holomorphic (or translational) [/(l)" isometry, 
in addition to the rotational SU{2)ji isometry discussed above. In this subsection, we 
present a very simple derivation of the corresponding hyper-Kahler potential in HSS, 
and give the associated hyper-Kahler metric in components. 



First, let's recall some basic facts about Lie algebras and monopoles [£9]. The 
generators of a rank-r Lie algebra f\ can be naturally divided into r commuting Cartan 
generators {Hi}, and the raising and lowering operators, and E^^, for each of the 
r-component root vectors {a}, 

[Hi, Hj] = , [E^, H] = aE^ , [E^, E.^] =a-H . (4.5) 

We assume the standard normalization, ii{HiHj) = 6ij. The root vectors define a 
root lattice, while any root vector can be decomposed with respect to a basis of simple 
(fundamental) roots {di} with non-negative integral coefficients. 



a 



i=l 



The simple root basis is not unique, with all choices being related by the Weyl group 
transformations. The dual root lattice is defined by 

r 

d* = '^n*d* , where a* = dj/a'^ . (4.7) 
i=i 

Given G = SU {n + 1), one has di ■ di > and di ■ dj < for i ^ j; while r = n. 

The vacuum expectation value of the Higgs field can always be assigned to the 
Cartan subalgebra, 

{(t)) = h-H . (4.8) 

li h ^ H has non-vanishing products with all roots of G, as we assume here, the 
group G is maximally broken to its Cartan subgroup. The unique set of simple roots 
is naturally distinguished by the condition 

h ■ di > , where 1 < i < r . (4.9) 



^Most of our considerations apply to any simple Lie group G. We use SU{n+ 1) for definiteness. 
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A magnetic charge is characterized by another vector g ^ H. The topological 
(Dirac) quantization condition on the magnetic charge implies that g belongs to the 
dual lattice (c/. Appendix D), 

47]- 

9 = — Y.^i^*j = aY. ^3^*j = E kj9j , (4. 10) 

e j=i j=i j=i 

where {kj} are topological charges belonging to the integral homotopy Z^, and g = 
47r/e is the unit of magnetic charge. The general BPS mass formula reads 



M 



h-g , (4.11) 



so that the mass spectrum of the fundamental monopoles (of unit charge) is given by 

h-g^ , j = l,2,...,r. (4.12) 



rrij 



The long-range force between two different monopoles i and j obeys the standard 
(inverse radius squared) law, whose strength is given by the inner product of magnetic 
charges, gi ■ gj/4:H |58|, |5^. The classical solitonic solutions describing SU{n + 1) 
monopoles can be constructed, in principle, by the ADHMN method |T^, whose 
(Nahm) data is, however, highly constrained. It makes a direct construction of the 
multi-mo nopole moduli space metrics via the so-called 'moduli space approximation' 
to be highly non-trivial. 

Each of n (translational) commuting U{1) isometrics can be realized by rigid phase 
rotations of a single g-hypermultiplet in eq. (4.3) (c/. eq. (2.51)), 

g+ ^ e*""^g+ and g ^ g + , where m = 1, 2, . . . , n . (4.13) 

This implies that the most general quartic polynomial of eq. (4.3) reduces in this case 
to a merely quadratic real function of the invariants 

^^m^^im^m, (4.14) 

which reads 

in 1"-* "** 

p,q=l j = l i<j 

A perturbative calculation of the HSS multi-hypermultiplet one-loop diagram (Fig. 1) 
in the N=2 dual f/(l)" gauge theory also yields 



P(+^) (X E (i t9^ qt) ■ ii 19^ ■ (4-16) 
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We thus conclude, from the symmetry considerations alone, that the hypermultiplet 
LEEA decomposes into the sum of the single hypermultiplet self-interactions and 
their pairwise interactions. 

Moreover, the equations of motion for the g-superfields, in the presence of any 
S'f/(2)/j-invariant self-interaction /C(+^)(g), imply the conservation laws Z^++L++ = 



for the composite HSS superfields (4.14) subject to the reality condition 1^^^= L^. 
In other words, can be recognized as the N=2 tensor multiplets (c/. sect. 3). 
This confirms the claim ||60[ that the exact metric on the moduli space of n distinct 
monopoles in a spontaneously broken SU{n + 1) pure gauge theory can be obtained 
by the generalized Legendre transform in terms of sections of the 0(2) holomorphic 
bundle only. In our terms, this result comes after projecting the HSS action (4.15) 
into PSS by using the N=2 duality transformation (4.14). The equivalent PSS action 
is given by a sum of the non-improved and improved terms | 60[| , 



lG = Y,mA -j^ + T.ii9i- gj) i {Q^{2) - Qj(2)) {HQi(2) - Qj{2)) - i} , 

(4.17) 

in agreement with eqs. (4.15) and (4.16). 



The generalized Legendre transform (Appendix B) of the N=2 PSS action defined 
by eqs. (B.3) and (4.17) yields the N=2 NLSM whose hyper-Kahler metric is given 

ds^TN = M^jdn ■ dfj + j^iM-%{d^i + Wik ■ drk){dij + Wji ■ dn) , (4.18) 
where 

M., = \ ' ' (4.19) 



and 



W,, = { -^^^^^-^"^^ ' ' = 3^ (4.20) 
a* ■ a* Wij , ij^j. 

The quantity Wij is the Dirac potential from the j-th monopole evaluated at the 
position fi where the i-th Dirac monopole is located. The function Wij{fi — fj) satisfies 
an equation 

ViXWi,{r,-r,) = . (4.21) 

The metric (4.18)-(4.21) was first identified by Lee, Weinberg and Yi (LWY) 
as the asymptotic metric in the multi-monopole moduli space for the n distinct 



fundamental monopoles corresponding to all different simple (or fundamental) roots. 
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Because of its origin, the LWY metric may also be called the multi- dimensional Tauh- 
NUT metric. Since the inner products of the dual fundamental roots in the case of 
SU{n + 1) can only be either zero or negative, the hyper-Kahler metric (4.18)-(4.21) 
appears to be regular and geodesically complete Jl^. Subsequently, it was further 
argued by the same authors Jl^ that the metric found may actually be exact in this 
case (see ref. |Q too). As was later demonstrated by Chalmers by the use of 
the generalized Legendre transform based on eq. (4.17), the LWY metric is unique 
indeed. Our HSS approach greatly simplifies the proof of this statement. 

If one deals with n > 1 similar monopoles (or hypermultiplets) labelled by the 
same root (say, ^i), the multi-dimensional Taub-NUT metric develops a singularity in 
the 'core' region at r = ^/(47rm), where the similar monopoles approach each other 
[|T^. It means that the asymptotic LWY metric cannot be exact in this case. This 
situation is apparently similar to the single charge-2 case described by the AH metric 
whose asymptotic behaviour is given by the Taub-NUT metric with the negative mass 
parameter (sect. 3). 

The SU{2)ii invariant family of hyper-Kahler potentials in eq. (4.2) describes the 
exact metrics on the multi-monopole moduli space if there are no more than two 
similar monopoles belonging to the same root, ki < 2. In other words, this situation 
corresponds to 'gluing' together n Atiyah-Hitchin or Taub-NUT metrics, each being 
associated with a simple root. f\ 

A generic real quartic polynomial P^^^\q) may have no translational isometrics 
at all. The problem of extracting the explicit hyper-Kahler metric associated with 
a hyper-Kahler potential (4.2) essentially amounts to determination of the set of 
composite analytic HSS superfields of the second- and forth-order in q^, which would 
allow one to make an N=2 supersymmetric reduction from HSS to PSS, and thus 
to get rid of the auxiliary fields. One such variable is obviously given by the hyper- 
Kahler potential P^^^\q) itself, because the conservation law (3.3) is valid for any 
number of the FS hypermultiplets subject to their equations of motion (3.4). This 
gives rise to the 0(4) projective multiplet = p(+^)(g) as one of the 'good' 

variables. If P^~^'^\q) can be represented as a quadratic polynomial squared, the role 
of is replaced by an N=2 tensor multiplet. One can easily imagine mixed 

situations, where dualizing the HSS potential P^~^'^\q) can be performed by using 
both 0(2) and 0(4) projective N=2 multiplets. Some of those 'mixed' PSS actions 



were considered in ref. 30 



^The case of h > 2 is discussed in the next subsect. 4.2. 
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4.2 Non-abelian LEEA, rational maps, and spectral curve 



It should be emphasized that in the HSS-based approach we may easily treat a// types 
of the gauge symmetry breaking. We only discussed above the maximal symmetry 
breaking of the gauge group G down to its Cartan subgroup. More general patterns 
of the gauge symmetry breaking are possible, with the unbroken subgroup being of 
the form K x U{iy'~'', where is a non-abelian (of rank k < r) subgroup of G. It 
happens when the vector h E H, defining the vacuum expectation value of the Higgs 
field in eq. (4.8), is orthogonal to the simple roots of K. The unbroken symmetry 
should be simply imposed on the hypermultiplet LEEA as its isometry. It just forces 
the hyper-Kahler potential (4.3) to be a function of the K x f/(l)^~^ invariants only, 
which considerably restricts the form of the quartic (4.3). In addition, the magnetic 



charge g is supposed to commute with the unbroken symmetry, which implies 

9-% = (4.22) 

for all simple roots of K, i = 1,2, . . . ,k. 

In the case of massless monopoles and hypermultiplets, some of the diagonal 
coefficients of the quartic (4.3) become infinite. It does not, however, imply that 
the HSS description becomes invalid. Although it means that some rescalings are 
necessary. This is particularly clear in the PSS description, in terms of the N=2 
tensor multipets, where eq. (4.17) apparently continues to be valid, even if some of 
the masses rrii vanish. 

Given the existence of the elliptic curve behind the AH metric associated with 
magnetic charge 2, it is not very surprising that there also exist the Riemann surface 
Eg of genus g = {n — 1) in the case of magnetic charge n (or, equivalently, n similar 
fundamental monopoles). The T,g is known as the spectral curve in the twistor theory 
of monopoles |61|. We now briefiy describe a relation between the PSS and HSS 
constructions of the multi-monopole moduli space metrics and the spectral curve. 
The good starting point is the Donaldson classification of the charge-n (BPS) 
monopoles in the SU{2) Yang-Mills-Higgs system (Appendix D). It is just opposite 
to the situation discussed in the preceeding subsect. 4.1, since now all monopoles are 
supposed to be similar, being assigned to a single root of G. 

The Donaldson classification ||^ makes use of the rational maps defined by 

S(z) -PJA^ ^i=o"^-^' U 231 
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in Rn{z). It is assumed that the roots (3j of q{z) are all different, while the residues 
p{(3j) 7^ for all j. According to ref. there exist a closed 2-form, 



Q = Y, d(3j Ad\np{(3j) , (4.24) 
i=i 

that is symmetric under any exchange of jSi, symplectic in Rn{z), and holomorphic, 
being an 0(2)-section over CP{1). The Donaldson theorem |^T| claims the existence 
of a one-to-one correspondence between the (universal cover of) charge-n monopole 
configurations and the rational maps S{z). For example, the 0(2)-section Q can be 
(locally) written down as 

n = ( J(2) + ^ J(3)) + 2e J(^) - e{J^'^ - ^J^'^) , (4.25) 

where {J^^\ J*-^-*, J*-^-*) is the hyper-Kahler structure [^. 



It is worth mentioning that the input provided by the rational map (4.23) naively 
has 4n real parameters given by the real and imaginary parts of the complex coeffi- 
cients {ai,bj). Since the function S{z) transforms as the (chiral) 2d conformal field 



[32] under the transformations 

a, X'ai , k ^ , (4.26) 

with the complex parameter A, the map S{z) is actually dependent upon (4n — 2) 
real parameters. The gauge symmetry (4.26) can be fixed, for example, by choosing 
a gauge bn-i = 0. The equation 

n 

An(p,g) = nM) = l, (4-27) 

i=i 

where A„(p, q) is known as the resultant of the map S{z), defines the algebraic man- 
ifold of real dimension 4(n — 1). The resultant also has a cyclic symmetry under 
the transformations 

r„ : Oj ^ qai , where = 1 . (4.28) 
As is explained in ref. [^, it is the quotient space A^„/r„ that is supposed to be 



identified with the charge-n (centered) monopole moduli space (c/. eq. (3.39) for 
the AH space). Setting A„ = 1 and = means choosing the overall phase and 
location of the ra- monopole to be zero []TU|. It is now easy to verify that the Donaldson 
description of the AH space in eq. (3.39) follows from eq. (4.27) in the case of n = 2. 

In the general case, all {Pi,p{Pj)} are the good complex (Donaldson) coordinates 
on the multi-monopole moduli space, while bj can be recognized as the 0{2j) section 
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over CP(1), = Qi2j){0y that is real in the sence of eq. (2.33). The (Hitchin) 

spectral curve of genus g = n — 1 can now be written down in the form 

2/" + Er-^Q(2,)(O = 0. (4.29) 

The Riemann surface (4.29) has the full information about a charge-ra monopole. 
The equivalent PSS data (G, C) in the form of eq. (B.3) and the related HSS potential 
in eq. (2.59) can, therefore, be completely encoded in terms of the spectral 
curve (4.29). In particular, the corresponding PSS potential was recently found by 
Houghton [Q, and it leads to the N=2 PSS NLSM action dictated by 

where C is a non-trivial 1-cycle on S^, (see, e.g., ref. ||19| for details), and O = ^2]=! Oj 
where Oj encircles the origin of the j-th sheet of S^. The corresponding HSS potential 
/C*^+^) (g, u) is a finite polynomial in q or order 2n, while it must be explicitly dependent 
upon harmonics in the case of > 2. This means that the SU{2)fi symmetry is 
necessarily broken for n > 2. The asymptotical behavior of the mult i- monopole 
moduli space metric is described by the limit where the spectral curve degenerates 
(with exponential accuracy) into the product of g spheres It also implies that 
Q{2j) <5(2) that brings us back to the preceeding subsect. 4.1. 

Since the HSS method can be considered as the very particular application of flag 
manifolds in the twistor approach to a construction of the hyper-Kahler metrics on 
the multi-monopole moduli spaces, the HSS method may also be useful for a construc- 
tion of the classical monopole solutions themselves. For instance, a correspondence 
between the SU{n + 1) monopoles and the rational maps of the Riemann sphere into 
flag manifolds was recently noticed in ref. fS^, whereas the relevance of harmonic 
maps in this connection was recently emphasized in ref. pH|. It would be interesting 
to explore their relations to HSS. 



5 Conclusion 

In this paper we reviewed many aspects of the hypermultiplet low-energy effective 
action, including the PSS and HSS technology. Our results are summarized in the 
Abstract. We conclude with a few remarks of general nature. 

The 4d twistor approach has many similarities with the inverse scattering method 
in the theory of (lower dimensional) integrable systems. It its turn, the integrable sys- 
tems are known to be closely connected to the hyper-Kahler geometry and the theory 
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of Riemann surfaces [36]. In our approach to a construction of the 4d hypermultiplet 
LEEA, it was the passage from the N=2 harmonic superspace (HSS) to the N=2 
projective superspace (PSS) that provided the hnk of harmonic analysis to complex 
analysis and thus allowed us to introduce the holomorphic quantities. The latter were 
then interpreted in terms of the elliptic curve Sh. In addition, the uniformization of 
the AH algebraic curve (3.39) describing the AH space is known to be closely related 



to the continual 3d Toda equation |^4[ that, in its turn, naturally arises in the large 
limit of 2d conformal field theories . 

It is also remarkable that the very simple (quartic polynomial) 'Ansatz' (4.2) for 
the hyper-Kahler potential in HSS provides the exhaustive description of the highly 
non-trivial class of the S'[/(2)ii;-invariant hyper-Kahler metrics that naturally general- 
ize the standard (four-dimensional) Taub-NUT and Atiyah-Hitchin metrics to higher 
dimensions. The related hypermultiplet LEEA has manifest N=2 supersymmetry 
and the SU{2)r internal symmetry. In particular, the N=2 NLSM in HSS with the 
Atiyah-Hitchin metric has the natural holomorphic projection to N=2 PSS, where it 
is associated with the holomorphic 0(4) line bundle. Similar projections exist in the 
more general case of n fundamental monopoles. 

The non-perturbative (instanton) corrections to the hypermultiplet LEEA are 
dictated by the hidden (in 4d) spectral curve parametrizing the exact solution. Since 
the Seiberg-Witten curve Ssw is known to have the simple geometrical interpretation 
in M-theory, where it can be considered as the part of a magnetically charged five- 
brane worldvolume wrapped about Ssw [0 ? it is conceivable that the hypermultiplet 



spectral curve Sh may have, perhaps, a similar geometrical interpretation which is 
presumably related to (Dirichlet) 6-branes in ten-dimensional spacetime . 
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Appendix A: ABC of hyper-Kahler geometry 



A full account of complex geometry, including the hyper-Kahler one, is available in the 
mathematical literature, see e.g., the books fS^, We follow here the presentation 
of ref. ||3^ adapted for physicists. 

Let's consider a manifold Ai of real dimension 2k, covered by a system of coordi- 
nate neighbourhoods (charts) {x*}. The coordinates in an intersection of two charts 
are supposed to be related by smooth and locally invertible transition functions. 

A mixed second-rank tensor Ji^ with real components is called an almost complex 
structure if it satisfies the relation 

The manifold Ai equipped with an almost complex structure is called an almost 
complex manifold of complex dimension k. The almost complex structure defines a 
multiplication by 'z' on vectors in every coordinate chart. The projectors 

P± = i(l±a) (A2) 

can be used to split any vector into two projections V^. In particular, the basis 
1-forms dx^ can be split into 

ui = P±/dx^ . {A.3) 

The almost complex structure is said to be integrable if 

{duj±)'^ = P^i^dP±j'dx^ = . (AA) 

In this case J is called a complex structure, while A4 is called a complex manifold. The 
complex manifold is characterized by holomorphic transition functions. Eq. (A. 4) is 
equivalent to the vanishing torsion on Ai, 

AT,/ = J[i|"9„J|,]'= + Jn'dyJ,]^ = , (A.5) 

where Nij'^ is known as Nijenhuis tensor. 

After introducing holomorphic and antiholomorphic coordinates and ^* in A^, 
eq. (A. 4) or (A. 5) allows one to put the complex structure J into the canonical form 
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The existence of a system of complex coordinate charts in which the almost complex 
structure has the form (A. 6) is equivalent to the integrability condition (A. 4) ||37|1 . 

Given a Riemannian manifold Ai with a metric Qij and an (almost) complex 
structure Ji^ , the invariance of the metric with respect to the complex structure 
means 

Ji^J^Qkm = 9ij , or, equivalently, Jij = gjuJi" = -Jji ■ iA.7) 

The metric satisfying eq. (A. 7) is called hermitian. 

An (almost) complex manifold equipped with a hermitian metric is called an 
(almost) hermitian manifold. The hermitian manifold thus possesses the fundamental 
2-form 

u = Jij dx' A dx^ . {A.8) 

In the special coordinates (where the complex structure J is of the canonical form), 
the fundamental 2-form reads 

u = 2igfj dz"- A dz^ . (^4.9) 

An (almost) Kdhler manifold is the (almost) hermitian manifold with the closed 
fundamental form, 

doj = Q or, equivalently, J[ij,k] = . (A. 10) 

As is clear from eqs. (A. 9) and (A. 10), the metric of a Kahler manifold can be (locally) 
expressed in terms of a Kdhler potential. The conditions (A. 5) and (A. 10) together 
are equivalent to the covariant constancy of the complex structure, 

ViJ/ = . (All) 

An (almost) quaternionic structure is the set of three linearly independent (almost) 
complex structures Ji^'^^^ , A = 1,2,3, satisfying the quaternionic algebra, 

jjs). = _sAB^i ^ e^^cji(^)^ . {A.12) 

A manifold with the quaternionic structure is called a quaternionic manifold. If a 
quaternionic manifold possesses a metric that is hermitian with respect to all three 
covariantly constant complex structures, the manifold is called hyper-Kdhler. In other 
words, a hyper-Kahler manifold is characterized by three linearly independent com- 
plex structures satisfying the quaternionic algebra, while there exists the coordinate 
system for any given complex structure where it takes the canonical form (A. 6). 
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Any hyper-Kahler manifold is Ricci-flat. In four dimensions the hyper-Kahler 
condition is, in fact, equivalent to the Ricci-flatness and Kahler conditions together. 
Imposing the Ricci-flatness condition on a Kahler potential K — see eq. (2.8) — 
results in the non-linear partial differential equation 

<lei{Ki^) = 1 (A. 13) 

known as the Monge- Ampere equation p3| . 

Perhaps, the most elegant description of hyper-Kahler geometry is possible in 
terms of holonomy, whose generators are the components of the Riemannian curva- 
ture. Given a Riemannian manifold of real dimension 4n, it is hyper-Kahler if and 
only if its holonomy is a subgroup of Sp{n). The case of n = 1 is special since the 
most general 4d holonomy group factorizes, 0(4) = SU{2) x SU{2). Self-duality 
of the Riemann curvature means that the holonomy is a subgroup of SU{2). Since 
SU{2) = Sp{l), it is clear that a four- dimensional hyper-Kahler manifold is always 



fanti)self-dual and vice versa [41 . 



Appendix B: N=2 projective superspace (PSS) 

The idea of N=2 projective superspace (PSS) naturally comes out of the efforts to con- 
struct an N=2 supersymmetric self- interaction of the projective 0{n) multiplets satis- 
fying the constraints (2.29) and (2.30) [^, Let's introduce a function G{La', ^, rj), 
whose arguments are given by some number {A = 1, 2, . . .) of the 0{n) projective mul- 
tiplets (of any type with n > 2) and two projective (complex) CP{1) coordinates, ^ 
and rj, and constrain it by four linear differential equations in N=2 superspace, 

S7^G^iDl + ^Dl)G = 0, /\.G^(D\ + riD\)G = Q. (5.1) 

It is straightforward to verify that a general solution to eq. (B.l) reads 

G = G(g^(0;0, ^ = e, Q(n)(0 = ^n---e.„^*"-^" , e. = (i,0, {B.2) 

in terms of an arbitrary function G{Qa]C)- Of course, in deriving eq. (B.2) we have 
used the defining constraints (2.29). 

Since the function G does not depend upon a half of the Grassmann coordinates 
of N=2 superspace by its definition (B.l), its integration over the rest of the N=2 
superspace coordinates is invariant under N=2 supersymmetry. This leads to the 



following N=2 invariant action p2|, 



S[La] = fd'x^i de(l+a~'V2A2G(Q^,0+h.c. , (5.3) 
J Zm Jc 



2TTi Jc 
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where we have introduced the new superspace derivatives, 



in the directions orthogonal to the 'vanishing' directions defined by eq. (B.l). The 
integration contour C in the complex ^-plane is supposed to make the action (B.3) 
non-trivial. The points ^± = ±z, where the linear independence of the derivatives 
(B.l) and (B.4) breaks down, should be outside of the contour C. 

The form of the PSS action (B.3) is universal in the sense that it applies to 
any set of the projecive multiplets entering the action via the corresponding 
function Q(n)(0 defined by eq. (B.2), while the whole action is governed by a single 
holomorphic potential G. This construction is easily generalizable to the case of the 
so-called relaxed hypermultiplets. For example, in the case of the relaxed Howe-Stelle- 
Townsend hypermultiplet defined by the N=2 superspace constraints 

Di^L^k) ^ D^iU^^^ , D^^U^^"^^ = , (5.5) 
and their conjugates, one should merely substitute (5(2) by ||21]] 



Q(2),rci. = Q{2) - • (B.Q) 

Some comments are in order. In the odd case of n = 2p+ 1, the conjugated super- 
fields L*^ may enter the action (B.3) via the corresponding polynomial Q(2p+i)(0- 
However, this makes the potential G to be nonholomorphic, so that we exclude those 
superfiels from our consideration. The factor (1 + ^^)~^ in the action (B.3) was intro- 
duced to simplify the transformation properties of the integrand under the SU{2)ii 
automorphisms of the N=2 supersymmetry algebra, as well as the corresponding 
expressions in N=l superspace (see below). 

It is worth mentioning that the PSS construction above is not invariant under the 
SU{2)r rotations. The CP{1) variable ^ has the rational transformation law, 

e' = ^ . (B.l) 

a + bt, 

whose complex SU{2)fi transformation parameters (a, b) are constrained by the con- 
dition \af + \bf = 1. Nevertheless, the N=2 supersymmetric action (B.3) is going to 
be SU{2)ji invariant too, provided that the function G transforms as 
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under the projective transformations (B.7), modulo an additive total derivative. Since 
we have 

QUO = j^^QUO ^ iB.9) 

(B.8) puts the severe restriction on a choice of G. For example, the SU{2)ii invariant 
PSS Lagrangian of an 0(2) multiplet should be linear in Q2 outside of the origin of 
the complex ^-plane (in fact, up a logarithmical factor), whereas in the case of an 
0(4) multiplet, its SU{2)ji invariant PSS Lagrangian should be proportional to a/QI. 

The invariant action (B.3) of N=2 tensor multiplets (n = 2) can be easily rewritten 
to N=l superspace One finds Q(2) = X ~ i^Q + ^^X and 

s = I d^xd^e^. i dic^ G{x - ^^g + ex. + h-c , (5.10) 

J l-Kl Jc 

in terms of the N=l complex chiral superfield x = -^^^1 a-^id the N=l real linear 
superfield g = where | denotes the (^2, 6'i)-independent part of a superfield or 
an operator. The N=l multiplets x and g together constitute an N=2 tensor multiplet 
in 4d. The N=l superspace covariant derivatives are given hj D = D'^\ and D = , 
whereas the N=l superfields x and g satisfy the constraints 

D^x = Do.x = o, {B.n) 

and 

D.D^'g = D'^D^g = , (5.12) 

respectively. The Legendre (duality) transform in N=l superspace allows one |2^ 
to trade the N=l linear superfield g for yet another N=l chiral superfield {cf. 
eq. (B.26) and the discussion below). When being applied to the action (B.IO), it 
yields the dual NLSM action 



S = J d^xd^eKi^ + ^lj,x,x) , (5-13) 
whose hyper-Kahler NLSM metric has a Kahler potential 



K 



^ f d^r'Gix - + ex, + h.c. 



+ {i; + ij)H, (5.14) 



_2TTi Jc 

where the function H{x, x, + V') is a solution to the algebraic equation 



^ + ^ = 2^ Jc "^^^ dQ^^' + ' Q = X-^^H + eX- (5.15) 



As a simple illustration, let's take G{Q,^) = F{Q)/C,, in terms of a holomorphic 
function F{Q^) of some number (A) of N=2 tensor multiplets, with the contour C 
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encircling the origin Eq. (B.IO) yields in this case the N=l superspace action 



(5.16) 



where we have used the notation 

dF _ d'^F 

dQ^ ' ~ dQ^dQ 

and 



K{x. X) = FaX^ + FaX^ , OAsix, X) = Fab{x) + Fab{x) • {B.18) 

The N=l superspace Legendre transform eliminates all the N=l linear superfields 
H"^ in favor of the N=l chiral superfields ipA according to the algebraic equation 
(B.15), 

iPA + ^pA = g^s{x,x)H'' , iB.19) 

whose solution is 

H^ = 9^''{x,x){^a + ^a) , (5.20) 

in terms of the inverse matrix g^^. Substituting the solution (B.20) back into 
eq. (B.16) yields a Kahler potential in N=l superspace, 

K{x, X, ^, ^) = K{x, X) + ^^''(X, X)(^A + ^a)(^b + i^B) ■ (S.21) 

By construction, the Kahler potential (B.21) is parametrized by the holomorphic 
potential F{x)i while it yields a hyper-Kahler NLSM metric because of (on-shell) N=2 
suspersymmetry. In the context of the 'c-map' (sect. 1), the N=l chiral superfields 
can be interpreted as the co- vectors associated with the dual special Kahler manifold 



It is straightforward to reduce the N=2 PSS self-interaction of other projective 
multiplets with ri > 2 in eq. (B.3) to N=l superspace. For example, the components 
of the projective 0(4) superfield U^^^ defined by the constraints (2.29) and (2.30) are 
given by 

Xak = D^Mu , = D.^fi^' ■ C = -2D,^D^'Uhi ■ {B.22) 
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The fields {U^^\ ^a'^) are physical, the fields {M^\ V^i) are auxiliary, while the fields 

aa 

(C, Xa) play the role of Lagrange multipliers. Varying the action (B.3) with respect 
to C yields an algebraic constraint 

r BC 

Re£<i{- = (iJ.23) 

that reduces the number of the independent bosonic degrees of freedom on-shell. 
Indeed, the scalars U^^^ comprise five real bosonic components, while eq. (B.23) 
reduces their number by one, in agreement with the known fact that the dimension 
of a hyper-Kahler manifold is always multiple to four. 

The N=l superspace reformulation of the interacting theory (B.3) in terms of 
the projective 0(4) multiplet is obtained after a decomposition of the N=2 extended 
superfield U^^^ in terms of its N=l superfield constituents. 



L 



1111 



X , L'''' = X , 4 = W , 6 L^^'' = V , (B.24) 



J Zm Jc c 



where x is the N=l complex chiral superfield satisfying the constraints (2.1), W is 

_ _ • 

the N=l comj)/ex linear superfield, D-D°'W = 0, and V is the general N=l rea/ scalar 
superfield. It gives rise to the N=l superspace action |21| 

2ni Jc ^2 

The N=l complex linear multiplet W is dual to an N=l chiral multiplet ip, while it 
can be made manifest after introducing the N=l chiral Lagrange multiplier ip into 
the action (B.25). This yields the master action 

S = Si + J d^xd^O (%l)W + W) , (5-26) 

where W is now the general complex scalar N=l superfield. Varying eq. (B.26) with 
respect to ip yields back the constraint on W and the action ^i. Varying eq. (B.26) 
with respect to W instead (i.e. performing the Legendre transform) yields an algebraic 
equation on W , which can (at least, in principle) be solved in terms of the other 
superfields. After being substituted back into the action (B.26), it results in the dual 
N=l supersymmetric action 

5duai = / d^xd^e K{x, x,^,t,V) , {B.27) 

with certain function K. The general superfield V can now be determined from 
eq. (B.27), by the use of its algebraic equation of motion. Substituting the result 
back into eq. (B.27) yields the N=2 NLSM hyper-Kahler potential i^'h._K.(X; "^j X; '^) 
that is only dependent upon the N=l chiral superfields and their conjugates. 
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As the simplest example, let's consider a free theory defined by 

G'(Q4,Ooc^, where Qi = X + + eV - eW + , (5-28) 

with the contour C encircling the origin in complex ^-plane. The corresponding N=l 
superspace action reads 

Si = j d^xd^e (xx-WW+V^) , (5.29) 
while its dual chiral (on-shell equivalent) action is given by 

^duai = / d^xd'^e (xx + i^i^) ■ {B.30) 



A non-trivial example is given by the 0(4) tensor multiplet PSS selfinteraction 
parametrized by a holomorphic potential [|70| , 



(5.31) 



G(Q(4);0 



where F(Q) is a holomorphic function of Eqs. (B.3) and (B.31) lead to the N=l 
action 



-^i = j d^xd^G {k{x,X) + 9ab^X,x) 



(5.32) 



' Fabcd{x)Ww''W^W'' + h.c] } , 

where we have used the notation of eqs. (B.17) and (B.18). The action (B.32) is 

quadratic in the general iV) superfields that can be eliminated according to their 
algebraic equations of motion, 



After being substituted back into the action (B.32), it yields the N=l action |^ 
S = j d'xd'e [k{x. x) - 9ab{x. x)w^w^ 



(5.33) 



'g^'^ix. x)Fabe{x)Fcdf{x)W''W"W''W 
+ h [Fabcd{x. xW^W^W'^W'' + h.c] } , 
where we have used the notation 

^abcd{x. X) = Fabcd{x) - 3F4Bi?(x)5'^^(x, x)Fcdf{x) ■ (5.35) 

Unfortunately, dualizing the complex linear superfields W"^ in favor of N=l chiral 
superfields by the use of the N=l superfield Legendre transform in the general case 
of eq. (B.34) does not seem to allow any simple solution. 
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(5.34) 



Appendix C: N=2 harmonic superspace (HSS) 



In the HSS approach one adds harmonics (or twistors) m^* parametrizing the 
Riemann sphere S"^ ~ SU{2)/U{1) and satisfying the relations 



u 



G SU{2) , u+'u^ = 1 , u+'uf = u-'u- = , = u- . [CI] 



Then one can make manifest the hidden analyticity structure of the standard N=2 
superspace constraints (subsect. 2.2) defining both N=2 vector multiplets and Fayet- 
Sohnius hypermultipets, and find their manifestly N=2 supersymmetric solutions 
in terms of unconstrained (analytic) N=2 superfields, while preserving the SU{2)r 
(linearly realized) symmetry. We follow ref. PH] here. 

Instead of using an explicit parametrization of the sphere S*^, it is more convenient 
to deal with the (equivariant) functions of the harmonics, which carry a definite U{1) 
charge defined by U{uf) = ±1. The simple harmonic integration rules, 

J du= 1 and J duu'^^'^ ■ ■ -m+'^m"^! ■ ■ -u'^"^ = otherwise , (C.2) 

are similar to the (Berezin) integration rules in superspace. It is obvious that any 
harmonic integral over a f/(l)-charged quantity vanishes. 

The usual complex conjugation does not preserve analyticity (see below). How- 
ever, it does, after being combined with another (star) conjugation that only acts on 

f/(l) indices as {uD* = u~ and {u^)* = —uf. One has —uf and uf= u^^. The 
harmonic covariant derivatives preserving the defining equations (C.l) are given by 

It is easy to check that they satisfy an 5^(2) algebra and commute with the standard 
N=2 superspace covariant derivatives -D* and D\ . 

a 

The key feature of HSS is the existence of an analytic subspace parametrized by 

(C, u) = { a;^„,iy,i, =x^- 2t9('a^^9^^utu- , ^ = 0>t , Ot = Oluf , uf } , 

(CA) 

which is invariant under N=2 supersymmetry and is closed under the analyticity- 
preserving conjugation This allows one to define analytic N=2 superfields of any 
non- negative and integral U{1) charge by the analyticity conditions (c/. the defining 
conditions (2.1) of N=l chiral superfields) 

D+^W = = , where D+ = D^ut and Dt = Diuf . (C.5) 

50 



The analytic measure reads dC^ ^^du = d^x'^^^^i^^^^^d'^O^d'^O'^du and carries the U{1) 
charge (—4). The harmonic derivative D~^~^ in the analytic basis (C.4) takes the form 

^a+ntlytic = - 2z0U'^e^d, , (^.6) 

it preserves analyticity, and it allows one to integrate by parts. In what follows we 
omit the explicit reference to the analytic basis, in order to simplify our notation. 

It is the advantage of HSS that both an off-shell N=2 vector multiplet and an off- 
shell hypermultiplet can be introduced there on equal footing. For example, the Fayet- 
Sohnius hypermultiplet is naturally described in HSS by an unconstrained complex 
analytic superfield of U{1) charge (+1). An N=2 vector multiplet in HSS is 
described by an unconstrained analytic gauge superfield V^^ of U{1) charge (+2). 
The HSS superfied V~^~^ is real with respect to the analyticity preserving conjugation. 



V++ = V , while it can be naturally introduced as a connection to the harmonic 
derivative D++ [ESl. 



An N=2 manifestly supersymmetric free hypermultiplet HSS action reads |2^ 



S[q] = --[ dC^-'^du i +Z}++g+ = -lkl dC^-'Muq^+D++qt , (C.T) 
where we have introduced the notation g+ = {ji^ ,q^), q"''^ = e°'^q^ and a = 1, 2. Its 



minimal coupling to an abelian N=2 gauge superfield V^^ reads [25 



V] = - J dC^-^^du i + . (C.8) 

Both actions are also manifestly invariant under the SU (2)^ automorphisms, just be- 
cause of the absence of exphcit dependence of the HSS Lagrangian upon harmonics. 
The action (C.7), in fact, possesses the extra SU{2)pq internal symmetry rotating 
the doublet g^, whereas this symmetry is apparently broken in eq. (C.8) to its U{1) 
subgroup. The massless HSS action (C.7) is actually invariant under the full N=2 
superconformal symmetry isomorphic to SU (2, 2\2) that also leaves the analytic sub- 
space invariant. The supergroup SU{2,2\2) contains yet another S'[/(2)conf. that can 
be identified on-shell with S'f/(2)/j. 

A hypermultiplet (BPS) mass can only come from central charges in N=2 super- 
symmetry algebra. The most natural way to introduce central charges {Z, Z) is to 
identify them with spontaneously broken U{1)r generators of dimensional reduction 



from six dimensions via the Scherk-Schwarz mechanism After being rewritten 



^Our superfields are all dimcnsionless, whereas the constant k in front of our actions has dimension 
of length. We set k = 1 for notational simplicity. 
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to six dimensions and then 'compactified' down to four dimensions, the harmonic 
derivative (C.6) receives an additional 'connection' term in 4d, 



P++ = D++ + V++ , where = i{d+e^)Z + i{6+6+)Z . (C.9) 

The N=2 central charges can, therefore, be equivalently treated as the abelian N=2 
vector superfield background with the covariantly constant N=2 gauge superfield 
strength (W) = Z. The non-vanishing N=2 central charges break the rigid U{1)r 

— • . . — • . 

symmetry, 6'^ e~^'^6l^, 6°"^ e~^^'^6°'^, of a massless N=2 supersymmetric field 
theory. This symmetry breaking results in the appearance of anomalous terms in the 
N=2 gauge LEEA pi], and in the hypermultiplet LEEA as well p8| . 



The general procedure of getting the component NLSM metric from a selfinter- 
acting hypermultiplet action in HSS has the following steps ||3^ : 



• expand the equations of motion in Grassmann variables, and ignore all the 
fermionic field components, 

• solve the kinematical differential equations (on the sphere ~ SU{2)/U{1)) 
for the auxiliary field components, thus eliminating the infinite tower of them 
in the harmonic expansion of the hypermultiplet HSS superfields, 

• substitute the solution back into the original hypermultiplet action in HSS, and 
integrate over all the anticommuting and harmonic coordinates. 

This most straightforward calculation is very difficult in practice. Nevertheless, in 
was actually done in some special cases of the N=2 NLSM in HSS, including the ones 



with the four-dimensional Taub-NUT ||3J], Eguchi-Hanson |]7T| and Gibbons-Hawking 
(multi-centre) metrics. 

For example, in the Taub-NUT case, the corresponding HSS hypermultiplet action 
reads |33, M 



5'Taub-NUT[g] = - J ^^du 



(C.IO) 



The HSS equations of motion for the analytic superfield q^{C,iU) are given by 

+ A(g+g+)g+ = , (C.ll) 
where the analytic harmonic derivative with central charges is 

P++ = d++ - 2ie+a"'9+drr, + i{e+fz + i{e+fz . {c.12) 
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The bosonic terms in the ^-expansion of read pi 



(CIS) 



The kinematical equations of motion in the (a^anaiytic ^) space, in the presence of 
central charges, are given by 



(C.U) 



Q++F+ = - X{F+F+)F+ , 
d^+A;;^ =29„,F+ - A(F+F+)A- - A(F+)2A- , 

= - X{F+yN- - 2A(F+F+)M- - iZF+ , 
d++N- = - \{F+fM- - 2A(F+F+)iV- - iZF^ . 

After integrating over the Grassmann variables in the action (CIO) and using the 
kinematical equations of motion, one finds that the bosonic action reduces to 



S 



B - 2 



d^xdu 



A^^d'^F^ - A;^d"'F+ - i{N-Z + M-Z)F+ - iF+{ZM' + ZN' 

(ai5) 

The kinematical equations for F^ and A^ can be easily solved. Using the convenient 
parametrization p4| 



Xf^{x)p\x)ulu, 



F^{x,u) = P{x)uf exp 
one finds that 

= / d^x [g^,^^r^'^^ + g'^d^Ud^^f, + W.d^fd^U - V{f)] 
where the metric is given by 



(ai6) 



(ai7) 



9ij 



4(1 + A//)' 



4(1 + A//)' 



h', = S',{1 + A//) - ^ .^^ I ff, , and // = /7. 



2(1 + A//) 

The metric (C.18) takes the standard Taub-NUT form |73 



r + M 
2(r - M) 



dr^ + 1 (r^ - M^) (c/^9^ + sin^ Mif'') + 2M^ 



r - M 
r + M 



after the change of variables |34 



f =^2M{r-M) cos | exp ^(V^ + </^) 



f =j2M{r - M) sm-exp-{ip - (p) 



(dip + cos 'ddifY , 

(ai9) 



(a2o) 
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with 

ff = 2M{r-M), r>M = ^ , {C.21) 

and M being the Taub-NUT mass parameter. The non- vanishing auxihary fields M~ 
and lead, in addition, to a non-trivial scalar potential ||28|| , 

Further examples can be found in refs. |7T|, |72[. The non- vanishing central charges in 
the hypermultiplet LEEA may lead to spontaneous supersymmetry breaking via the 



dynamical generation of a scalar potential, e.g. in the Eguchi-Hanson case |31 



Appendix D: BPS monopoles in the SU(2) Yang- 
Mills-Higgs system, and classical moduli spaces 

The Lagrangian of the SU{2) Yang-Mills-Higgs (YMH) system in 1 + 3 spacetime 
dimensions reads f\ 

Cymh = -itr(F2j ^ ltr(D^$)2 _ , (D.l) 

where both the SU{2) Yang-Mills field and the Higgs field $ are valued in the Lie 
algebra of SU{2), 

F^, = d^A, - d,A^ + ie[A^, A,] , D^^ = 9^$ + ie[A^, $] , {D.2) 
with the coupling constant e, while the Higgs potential is of the form 

= Atr($2-w2)2 _ ^2).3) 

A non- vanishing expectaion value, ($) = f , of the Higgs field breaks the gauge 
symmetry SU{2) down to U{1). The YMH equations of motion are known to admit 
the solitonic solutions given by field configurations of finite energy, with the boundary 
condition $^ — at the special infinity S"^ [Q. The (gauge-inequivalent) solitonic 
solutions form the finite-dimensional space labelled by integral topological charge n 
belonging to the homotopy group H2[SU{2)/U{1)] = 7r2[S'^] = 7ri[[/(l)] = Z, which is 
simply related to the magnetic charge (^magnetic = 47rn/e. 

^The notation in this Appendix may differ from the one used in the rest of the paper. 
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The most fundamental classical solution, corresponding to the static (t'Hooft- 
Polyakov) monopole |^ of unit magnetic charge [n = 1), is usually written down in 
the spherically-symmetric form (a = 1,2,3) 

1 — u(r) 



er 



= rah{r) 



(DA) 



where f is the unit radial vector, while the functions u{r) and h{r) are supposed to 
satisfy the boundary conditions, u{0) = 1, u{oo) = 0, h{0) = and h{oo) = v, in 
order to avoid singularities and have a finite energy. In the so-called Bogomol'nyi- 
Prasad-Sommerfeld (BPS) limit [^, defined by sending A ^ while maintaining all 
the boundary conditions, one finds 



u{r) 



sinh(efr) 
which implies for the magnetic field 

B1 = (A-^*)" 



h{r) = vcoth.{evr) — 



1 

er 



rirr. 



er^ 



+ 0{l/r^ 



(D.5) 



(D.6) 



A fundamental (t'Hooft-Polyakov) monopole has four collective coordinates, called 
moduli. They comprise three translational components, defining a spacial position of 
the monopole, and one angular component, describing the monopole orientation with 
respect to the unbroken U{1) gauge group and associated with electric charge of the 
monopole. The fundamental monopole moduli space is thus given by a non-trivial 
bundle Aii = x , while it must also be hyper-Kdhler The only candidate 
hyper-Kahler metric on A^i is given by the Taub-NUT metric, just because of its 
isometries and regularity. 

The BPS solitons of higher magnetic charge, n > 1, can be understood (in asymp- 
totic regions) as being composed of n fundamental monopoles. In other words, the 
multi-monopole states should not be considered as the new states in quantum the- 
ory, but they should rather be interpreted as multi-particle states |E8[. The multi- 



monopole moduli space is also hyper-Kahler of real dimension An [41|. The spacial 



coordinates, describing the 'center-of-mass' of a charge-n monopole configuration, can 
always be introduced to factorize the associated factor in the corresponding moduli 
space A4n- The total charge conservation, associated with the (unbroken) rigid U{1) 
rotations, further implies the presence of an factor in Adn- Q The 5'?7(2)-based 
charge-n monopole moduli space Ain is, therefore, of the form PT| 



Mr 



i?^ X X Mn/Tr 



iD.7) 
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In the case of higher gauge groups of rank r > 1, the total charge may no longer be periodic, 



which implies the factor instead of in the decomposition (D.7) |17 
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where A^„/r„ is called the centered (or reduced) multi-monopole moduli space of real 
dimension 4{n — 1), while r„ stands for a discrete subgroup of its isometry group. 
The n-cover of the centered moduli space is a hyper-Kahler manifold too. Its 
modding by r„ in eq. (D.7) is necessary to get the right spectrum of quantized charges 

A hyper-Kahler metric on the manifold 7V1„ is also supposed to be regular and 
complete. In the case of a charge-2 monopole (or, equivalently, two identical funda- 
mental monopoles), the centered moduli space is of real dimension four, while it has 
a rotational isometry 5*0(3). The M.2 can thus be identified with the AH manifold. 
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